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SUMMARY 
The purpose of the research reported in this thesis is to obtain 
some theoretical results needed for the development of two new experi­
ments for measuring the third order elastic constants of solids. The 
particular solids considered are crystals having cubic symmetry, but 
most of the results can be generalized to other symmetry classes. 
The first experiment considered is the wave distortion experiment, 
which measures the distortion of an initially sinusoidal wave propaga­
ting in the solid. The distortion can be measured by making a Fourier 
analysis of the wave after it has propagated through a sample of the 
material being investigated and the present investigation shows that the 
amplitudes of the fundamental and second harmonic frequency components 
of the distorted wave can be used to calculate a value for a linear 
combination of the third order elastic constants of the solid. The 
particular linear combination measured will depend on the propagation 
and polarization directions of the input wave, so that an important part 
of the investigation was to relate the propagation and polarization 
directions to the particular linear combination of the third order elastic 
constants obtainable. The relationship which was found to exist is 
algebraically very complicated and, as such, is of very little use to 
one who would like to do the experiment. In order to present the rela­
tionships in a useful form, a set of tables was made with the help of a 
digital computer. These tables list the obtainable linear combinations 
of third order elastic constants as a function of propagation and polari-
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zation directions for six particular materials. 
It is shown that, for cubic crystals, this type of experiment is 
capable of measuring values for enough linear combinations of elastic 
constants to determine values for C,
 n -, , C, _ , C, r r , (2 C n U + C.,,^), and 
111' 112' 166' v IKK 123y' 
( \ ^2_KK + ^K^D) ' ^ N O T ^ E T ^° e s t i m a t e the error one could expect in 
these values, some calculations based on elastic constants measured by 
other methods are used to try to find out how the experimental uncertainty 
would be reflected in the uncertainty in the calculated values of the 
elastic constants. These calculations suggest that there would be large 
relative uncertainties in the calculated values of (2 + ^^ 23) a n c ^ 
Two questions are considered in connection with the manner in 
which the experiment is to be performed. First, one would like to know 
whether or not the distortion of the wave will continue after reflection 
from a stress-free boundary. This question is important because the 
experimentally observed distortion is very small, but increases with 
path length. If the distortion continued after reflection from the end 
of the sample of the material, then a long propagation distance could be 
observed in a short sample by utilization of several transits. The equa­
tions of motion were solved on a computer with the result that the wave 
would, in fact, begin to undistort after reflection; so that it would 
not be possible to utilize several transits of the sample. A qualitative 
argument is given to support this result. 
The second of these questions affects the geometry of the experi­
ment. Previous investigations have shown that a plane wave of finite 
extent will travel in the energy flux direction rather than the propa-
viii 
gation direction. Since the experiment will actually be done with a 
finite plane wave, the present report undertakes to show how the wave 
generator and detector can be positioned on the sample to account for 
the deviation of the energy flux direction from the propagation direction. 
Because the wave distortion experiment cannot be used to measure 
all six third order elastic constants of cubic crystals, another experi­
ment was considered. This experiment measures the amplitude of a 
scattered wave produced by the interaction of two intersecting non-
collinear ultrasonic beams propagating in the solid. Quantum mechanical 
time dependent perturbation theory is used to show that if one measures 
the amplitudes of the input and scattered waves, along with the geometrical 
parameters of the experiment, then he can calculate a value for a linear 
combination of third order elastic constants of the solid. As in the 
wave distortion experiment, the particular combination measured depends 
on the propagation and polarization directions used; but for the scatter­
ing experiment enough combinations can be obtained to determine all six 
of the third order constants. 
The expression relating the wave amplitudes to the elastic con­
stants is valid only for resonant interactions; that is, interactions 
for which the conservation laws for energy and momentum are satisfied. 
These conservation laws take the form of complicated algebraic equations, 
so that the derived expression for calculating the elastic constants is 
of little value without the specification of some useful resonant inter­
actions. A method of successive approximations which can be used to 
find resonant interactions has been developed and utilized to find some 
potentially useful interactions for measuring elastic constants. Tables 
ix 
are given which list enough interactions, for six particular materials, 
to allow one to find values for all of the third order elastic constants 
except C^Q-^. This quantity has been regarded as known since it is con­




The research reported here is an investigation of some theoretical 
problems involved in two experiments proposed for measuring the third 
order elastic constants of cubic crystals. Since there are two experi­
ments, the research is divided into two distinct parts which are described 
in the second and third chapters of this thesis. The respective chapters 
contain the statements of the problems investigated, the conclusions, and 
the recommendations; so that the reader who has an interest in only one 
of the experiments can conveniently ignore the other. 
This introductory chapter is also organized for the convenience 
of such a reader. The first section is devoted to motivation, which is 
common to all of the work done. The second and third sections give 
brief descriptions of the two experiments which were investigated, along 
with a brief history and a review of the literature for each. 
1. Motivation 
Many solid state phenomena can be described by means of a model (l) 
which views a crystal lattice as a collection of point masses, each of 
which is interconnected by a collection of massless springs. The 
elastic potential energy of this model can be expanded in a Taylor 
series about the equilibrium configuration of the lattice, where the 
independent variables for the expansion are the coordinates of the dis­
placement vectors of the individual point masses. The coefficients of 
2 
the terms in the expansion are c a l l e d the microscopic coupling parameters 
and, i f one could measure them, then he could de sc r ibe a l l o f the pro­
p e r t i e s o f the l a t t i c e . In p r i n c i p l e , one could measure the microscopic 
coupling parameters i f he could genera te sound waves with wavelengths 
comparable to the l a t t i c e spac ing . Unfor tuna te ly , the maximum frequency 
o f sound waves p r e s e n t l y obtained in the l abo ra to ry f a l l s shor t o f t h i s 
goa l by s e v e r a l orders o f magnitude. 
Propagat ion o f u l t r a s o n i c waves o f f requencies c u r r e n t l y a t t a i n ­
a b l e in the l a b o r a t o r y i s descr ibed by means o f the continuum model o f 
the s o l i d . In t h i s c a s e , the e l a s t i c p o t e n t i a l energy dens i ty i s ex­
panded in a Taylor s e r i e s in the s t r a i n coordina tes and the c o e f f i c i e n t s , 
the e l a s t i c c o n s t a n t s , c a n be measured in the l a b o r a t o r y . Although the 
e l a s t i c cons tan t s are not as b a s i c to a knowledge o f the fo r ce s in the 
l a t t i c e as the coupling parameters , they have proved use fu l in p r e d i c t i n g 
many microscopic e f f e c t s (2-3). F u r t h e r , one can p r e d i c t the values o f 
the e l a s t i c cons tan t s f o r s i n g l e c r y s t a l s by means o f a t h e o r e t i c a l model 
which c a l c u l a t e s the f o r c e s between the l a t t i c e po in t s (k-6); t hus , 
comparing the p r ed i c t ed values o f the e l a s t i c cons tan ts with the measured 
ones w i l l provide a check o f the t h e o r e t i c a l p r e d i c t i o n s o f the l a t t i c e 
f o r c e s . 
S ince the p o t e n t i a l energy i s expanded about the equ i l ib r ium con­
f i g u r a t i o n , a f i r s t approximation i s obta ined by r e t a i n i n g only quadrat ic 
s t r a i n terms, whose c o e f f i c i e n t s a re the second order e l a s t i c c o n s t a n t s . 
This approximation desc r ibes a harmonic s o l i d and i s adequate for de­
s c r i b i n g many p h y s i c a l phenomena. However, o ther phenomena r equ i r e the 
cons ide ra t i on o f the higher order terms for t h e i r d e s c r i p t i o n ( 7 ) . 
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Examples are thermal expansion, thermal conductivity, phonon-lattice defect 
interactions, high temperature specific heat, the variation of the normal 
mode frequencies with volume, and the phonon-phonon interactions leading 
to thermal equilibrium. The existence of these phonomena makes a know­
ledge of the values of the higher order elastic constants very important. 
One may gain a knowledge of the lowest order anharmonic effects 
by measuring the third order elastic constants and, in fact, considerable 
progress has been made in this direction in the past few years. One 
method has been developed which will determine a complete set of third 
order elastic constants for cubic crystals (8) audi,', since 1961, values 
have been published for at least six materials (9-12). In addition to 
the presently successful techniques for measuring the third order elastic 
constants, several new methods are being developed (13-1*+). The purpose 
of the research reported in this thesis is to obtain some theoretical 
results needed for the development of two of these new experiments. 
2. Ultrasonic Wave Distortion Experiments 
The first of these two experiments utilizes the fact that an 
initially sinusoidal plane wave propagating through a solid will undergo 
progressive distortion as it propagates. This fact was first demon­
strated experimentally by Gedroits and Krasil'nikov (15) at the Moscow 
State University. In 1962, they reported observing the progressive 
generation of a 10 megacycle Fourier component in an initially pure 5 
megacycle sound wave propagating in a magnesium-aluminum alloy. In 
1963? Breazeale and Thompson (l6) at Oak Ridge National Laboratory re­
ported analogous observations for 30 megacycle sound waves in polyGrystal-
h 
1ine aluminum. 
Results of continued study of these experiments were published 
by Breazeale and Ford (17) in 1 9 6 5 • They established that for a typical 
experiment the distortion of the wave can be represented as a linear in­
crease of the second harmonic Fourier component with distance traveled. 
In addition, they related this rate of increase of second harmonic con­
tent, to linear combinations of third order elastic constants for the 
special cases of longitudinal waves traveling in the [100], [llO], and 
[ill] directions in cubic crystals. 
In all of these first studies of the experiment, the detection 
and measurement of the distorted wave was accomplished by means of a 
piezo-electric crystal transducer which converts the mechanical vibra­
tion to an electric signal. Such a detector is useful for making rela­
tive amplitude measurements, but for measuring elastic constants one 
tieeds to measure absolute amplitudes of the fundamental and second har­
monic components of the wave. To this end, Gauster and Breazeale ( 1 8 ) 
developed a capacitive detector which is capable of measuring amplitudes 
of longitudinal waves in the frequency range from 5 to 100 megacycles. 
Because this device is limited to detection of longitudinal waves, 
another device, such as that suggested by Michailov (19), will need to 
b e developed for measurements for other polarizations. 
In anticipation of this development, the present study sought to 
relate linear combinations of third order elastic constants to measur­
able quantities for directions other than the three special cases already 
considered. It was desired to know which directions yield useful linear 
combinations of third order elastic, constants and, finally, to know 
whether enough linear combinations could be obtained to permit one to 
determine all six third order elastic constants for cubic materials. 
3. Beam Scattering Experiments 
One result of the study of wave harmonic distortion experiments 
was that the method could not yield enough information to permit calcu­
lation of all six third order elastic constants (20). To remedy this 
deficiency, a second experiment was considered. This experiment utilize 
the fact that two intersecting, large amplitude sound waves can interact, 
to produce a scattered wave whose amplitude will be a function of the 
higher order elastic constants of the solid. 
A complete discussion of the use of third order elastic constants 
in the description of interacting sound waves was given by Ziman (l) in 
i960. His quantum mechanical discussion shows that the conservation law. 
for energy and momentum determine the interaction geometries which will 
produce a scattered wave. In addition, he demonstrates that one can use 
the nonlinear terms in the elastic potential energy expression to calcu­
late a quantum mechanical transition probability by means of time depen­
dent perturbation theory. 
In 1963? Jones and Kobett (21) published a paper which predicts 
the amplitude of the scattered wave produced by the interaction of two 
infinite plane waves propagating in an isotropic solid. Their classical 
treatment results in resonance conditions, analogous to the quantum 
mechanical conservation laws, which define the bounds on the interaction 
geometries. In 196*+, Childress and Hambrick (22) gave a treatment of 
the same problem which uses a wave packet formalism instead of infinite 
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plane waves. 
Later in I96U, Taylor and Rollins ( 23 ) published a paper in which 
elasticity theory is treated quantum mechanically for the case of inter­
actions in isotropic solids. Their work, which also predicts scattered 
wave amplitudes and selection rules for allowed interactions, agrees with 
the classical theory of Jones and Kobett, but requires considerably fewer 
algebraic manipulations. In a companion paper, Rollins, Taylor, and Todd 
(2k) report experimental observation of the scattered wave and verifica­
tion of the predictions of the selection rules for resonant scattering. 
Since they used transducers to detect the scattered wave, there was no 
way to obtain absolute amplitude measurements and hence they were not 
able to check the predictions of scattered wave amplitude. 
Since these reports were made, a capacitive detector has been de­
veloped by Gauster and Breazeale ( l 8 ) . This device enables one to mea­
sure the absolute amplitude of longitudinal ultrasonic waves, so that it 
should now be possible to check the theoretical predictions of scattered 
wave amplitude. If a means for making absolute amplitude measurements 
for other polarizations ( 19 ) is developed, then these experiments can be 
useful for measuring the higher order elastic constants of single crystals. 
In order to help make this possible, the present study applied the 
quantized elasticity theory to the problem of ultrasonic beam scattering 
in anisotropic solids. Using an argument analogous to that of Taylor and 
Rollins, perturbation theory is used to find an expression for the ampli­
tude of the scattered wave as a function of the amplitudes of the input 
waves and a linear combination of the third order elastic constants. A 
value for this linear combination of third order elastic constants can be 
."Lah-ed from the results of an experiment measuring the amplitude oi 
input and scatered waves. Since the particular linear combination 
t-lined depends on the interaction one measures, enough diferent alio 
interactions have ben suggested to alow one to determine all of tn 
d.^  tic constants except C-^n* This quantiy is conveniently measured. 
f
"he wave harmonic distortion experiment, so it has ben regarded, as 
w !. for this part of the work. 
CHAPTER II 
ULTRASONIC WAVE DISTORTION EXPERIMENTS 
The purpose of the research described in this chapter is to in­
vestigate some theoretical problems involved in a newly developed tech­
nique for measuring the third order elastic constants of solids. This 
technique is based on the fact that an initially sinusoidal sound wave 
will undergo progressive distortion as it propagates through a solid 
(15)• For a wide range of the experimental parameters the distorted 
wave can be described as the sum of the original sinusoid plus a second 
harmonic whose amplitude increases linearly with the propagation dis­
tance (17)• The amplitude of second harmonic present is proportional to 
the propagation distance and to a linear combination of second and third 
order elastic constants. This linear combination of elastic constants 
depends in turn on the polarization and propagation directions of the 
sound wave. The object of this chapter then is to calculate the obtain­
able linear combinations of elastic constants as a function of polariza­
tion and propagation directions. This chapter thus provides the experi­
mentalist with the information needed to calculate third order elastic 
constants from measured harmonic distortion data. 
The first section of the chapter presents the elasticity theory 
necessary for the calculations (25). In it, the elastic continuum model 
used for describing the single crystal is discussed and the equations of 
motion for large amplitude sound waves in the crystal are derived. The 
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equations of motion are then reduced to a simplified form in which the 
relevant linear combination of elastic constants appears as a coefficient. 
The second section of the chapter is devoted to solving the problem of 
determining how many independent linear combinations of the elastic con­
stants appear in the simplified equations of motion when the polariza­
tion and propagation directions are varied. 
Section three tabulates the linear combination of third order 
elastic constants as a function of propagation and polarization directions. 
These tables, which are designed to enable one who wishes to do the ex­
periment to choose useful directions by his own criteria, are given for 
copper, gold, silicon, germanium, sodium chloride, and potassium chloride. 
A sample calculation is presented which allows one to estimate the un­
certainties to be expected in values of the elastic constants calculated 
from the wave distortion data. 
The fourth section of the chapter presents a consideration of how 
the geometry of the experiment is affected by the deviation of the energy 
flux direction from the propagation direction. 
Since the work described in this thesis is in two disjoint parts, 
the concluding remarks and results for this portion of the research are 
given at the end of this chapter instead of at the end of the thesis. 
1 . Equations of Motion 
This section begins with a discussion of the mathematical model 
used to describe large amplitude sound waves in an anistropic solid. 
Then the equations of motion are derived and reduced to a form suitable 
for the description of plane wave propagation. Finally, the approximate 
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solution of the plane wave equation of motion is given along with a con­
sideration of the behavior of the wave after a reflection. 
The Mathematical Model 
Since the wave lengths of the pulses being studied here are much 
larger than the lattice spacings in the crystal and since we choose to 
neglect the effect of attenuation, for the purpose of this work a solid 
is taken to be a nondispersive, perfectly elastic continuum. The con­
tinuum is taken to include anisotropic effects because single crystal 
samples are to be investigated; and, since high frequencies and large 
amplitudes are involved, Murnaghan's finite deformation elasticity theory 
(25) is used. Finite deformation elasticity theory discards the assump­
tion, used in the infinitesimal theory, that in the elastic energy the 
powers of the displacement coordinates greater than the second may be 
neglected. Discarding this assumption necessitates a more general de­
finition of the strain tensor and the use of more general equations of 
motion. 
For finite deformations the strain tensor is defined by the re­
lation (25) 
where 6.. is the Kronecker 6 and the symbols i and j take on the values 
point of the continuum in the unstrained state. The vector represents 
the cartesian coordinates of the same point at time t, i.e., in the de­
formed state. Here a. and t are independent variables upon which the 
k=l 
(1) 
1, 2, 3 . In Equation (l) the a. are the cartesian coordinates of a 
1 
1 1 
variables x. depend. One writes 
1 
x i = x i ^ a i ' a 2 ? a 3 ? ^ ' ^ 
where i takes on the values 1 , 2 , 3 . Several comments about T[ are 
in order. First, T] is symmetric by inspection; second, the definition 
of Tj does not require that the coordinate systems for a^ and x^ coincide; 
and third, Murnaghan (25) has shown that the coordinates of T[ transform 
as a second order tensor with respect to rotations of the a. coordinate 
L 
axes while the coordinates of T| are invariant under rotations of the x. 
L 
coordinate axes. 
The description of the mathematical model is completed by the 
assumption that the elastic potential energy density (per unit unstrained 
volume) of the continuum is 
3 3 
*=h I Cijk4 \ \ T + h I "mnpqrs V ^ V ' (3) 
i,j,k,4 m,n,p,q,r,s 
= 1 = 1 
Note that this expression goes one term beyond the infinitesimal theory 
by including terms cubic in the strain coordinates. Here the coordinate 
axes are taken to coincide with the symmetry axes of the crystal so that 
C . . and C are the usual second and third order elastic constants 
ljkjfc mnpqrs 
as defined by Brugger (26). Birch (27) has shown that the symmetry re­
quirements for various classes of crystals imply that only certain of the 
C . . and C are non-zero and distinct. For crystals of cubic 
ljkj?, mnpqrs 
symmetry, Equation (3) can be rewritten 
12 
+
 C 1 2 ( \ l \ 2 + V ^33 + \2 V + Z Clll(\l3 + V* + ^ 3 3 3 ) 
+1 c112[(n22 + n3) nn2 + + n3) ^ 22 + + ^  T ^ 2 ] 
+ 2
 \ 3 2 + ^ 2 V2 + ^33 \ 2 2 ] 
+ 2
 Cl66 [\ 2 2(\l + V + \^\z + V + V ( 1 133 + 
+ c 1 2 3 nlx ife2 ^ 3 3 + 8 C^ 5 6[TI 1 2 n23 TI 3 1] . 
In this expression the number of subscripts on the elastic constants has 
been reduced by the convention: 11 1, 22 2, 33 ~* 3? 12 -» 6, 13 ~* 5 ? 
and 23 -* k. Equation (k) differs from Birch's expression by some constant 
factors because Brugger's notation, which has been used here, is different 
from that of Birch. 
The Equations of Motion 
The expression for the elastic potential energy density given by 
Equation (k) can be used along with Lagrange's equations for continuous 
media to derive the equations of motion for the anisotropic continuum. 
For convenience in writing, define the matrix 
dx 
Ju = *r| (5) 
and let p be the unstrained mass density of the continuum. The Lagran-
gian density of the system can be written 
13 
i=l 
where the dot superscript denotes a time derivative. Lagrange's equa­
tions take the form (28) 
It (*k^) +I 
3 
d 3L 
da, / dx. 
k=i k a( 5-i 
= 0 , (7) 
where here and in the following equations i = 1, 2, and 3. Using Equa­
tions (6) and (7) one obtains 
jkx J \ a 
Differentiating Equation (l) yields 
dTl . -1 Sx. dx. 
lk4 1 - 1 1 1
 ( s 
/ S x ^ 2 jk 3 a A 2 jX 3 a k 
d
 da" 
where 6 is the Kronecker 6. Putting Equation (9) into Equation (8) 
Jk 
one obtains the equations of motion in their usual form 
k=l 4=1 ~~ ^ 
where it has been assumed that the potential energy density expression 
given in Equation (h) has been rewritten so that 
lU 
where I and k take on the values 1, 2, 3. 
As it stands, Equation (10) is too complicated to be useful for 
these experiments. If the expression for $ were substituted into Equa­
tion (10) and if the equations were written out in terms of x^ as the 
dependent variables with a^ and t as independent variables, the result­
ing equations would be a system of three partial differential equations 
in four independent variables with nonlinear and linear coupling and 
with roughly h^> terms in each equation. Fortunately, certain aspects of 
the experiment to be performed will allow Equation (10) to be simplified. 
In particular, three things about the experiment permit simplification 
in the equations of motion. First, the experiment involves only single 
plane wave pulses. Thus, by judicious choice of coordinate axes, one 
may reduce the number of independent variables from four to two, namely 
the time and the distance along the propagation direction. Second, it 
has been shown that in the range of the parameters being considered 
many of the nonlinear terms make a negligible contribution to the equa­
tions of motion and thus may be dropped. Third, if the polarization 
direction of the plane wave being considered is properly chosen then the 
number of dependent variables, and consequently the number of equations, 
can be reduced to one. 
Plane Wave Equations of Motion 
In Equation (10), the equations of motion, the orientation of the 
axes is arbitrary. If the a^ axis is taken as the propagation direc­
tion for an infinite plane wave then Equation (10) can be rewritten 
15 
3 
d (12) da 
1 ik dU llk k=l 
where i = 1 , 2 , 3 and where T| is calculated from Equation (l) by taking 
the a^ axis parallel to the propagation direction. The dependent vari­
ables in these simplified equations of motion, Equation (12), are inde­
pendent of a^ and a^ because only plane waves are being considered. 
However, one must pay a price for this simplification. The 
elastic constants are defined as coefficients in an expansion of the 
elastic energy in powers of the strain when the strain is calculated 
with the a axes parallel to the symmetry axes of the crystal. Thus, 
K. 
in order that $(T|) in Equation (12) contain the usual elastic constants, 
we must determine the change in $ and T| under a rotation of the a axes. 
To this end, let a bar superscript denote a quantity calculated with the 
a axes parallel to the crystal symmetry axes. Quantities without a bar 
K. 
superscript are calculated with the a^ axis parallel to the propagation 
direction. 
where R is the orthogonal matrix which rotates the a, axes into the a 
K. K 
axes and where R is the transpose of R. Furthermore, since the elastic 
energy is a scalar under rotations, the expression for $ can be written 
As mentioned previously, Murnaghan (25) has shown that 
T| = R T|R (13) 
= = $(R T| R ) (1*0 
that is, if 
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•fi> = ^ ( \ i Y + ^ ( \ i ) 3 + • • • ' ( i 5 ) 
where C.. and C . d e n o t e the second and third order elastic constants, 
then 
C / 3 \ 2 C / 3 X 3 
•™ - M i Ri v \,)+ M i RL v Rki + • • • • (i6^ 
Hence, Equation (12) will contain the usual elastic constants if it is 
written in the form 
P ^ l M k k H ^ } • (") 
1
 k=l l k 
where T\ is the strain calculated taking the a^ axis along the propagation 
direction. 
Define the coordinates of the displacement vector at a point by 
the expression 
\ = xk - \ ' ( l 8 ) 
where the x, axes have been taken as coincident with the a, axes. If 
k k 
Equation (3), symmetrized in accordance with the requirement of Equation 
(ll), is substituted into Equation (17) along with the transformation de­
fined in Equation (18) then the equations of motion become 
3 3 
p u. , , = Y A. . u. + ) B. .. u. u. . (19) 
r
 i,tt LI ij j,aa L> ljk j,a k,aa 
j=l j»k=l 
In this equation,the notation 
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2 2 
3u . 3 u. 3 u . 
u . = T T - ^ , u. ^, = —^ r— , and u„ = ^ 
j , a 3a]_ ' i , t t
 3 t 2 ' £ , aa 2 
i s used. The A . . are known l i n e a r combinations o f second order e l a s t i c 
cons tan t s and the B . a r e known l i n e a r combinations o f second and t h i r d 
order e l a s t i c c o n s t a n t s . S ince the u depend on only one space v a r i a b l e 
a^j the subsc r ip t on a^ has been dropped. F i n a l l y , in going from Equa­
t i o n (17) to Equation (19) only the lowest order nonl inear terms have 
been r e t a i n e d s ince cur ren t experiments measure only t h i s lowest order 
n o n l i n e a r i t y . 
Now Equation (19) i s a much manageable form for the equations o f 
motion than i s Equation (10). Nonethe less , Equation (19) i s d e f e c t i v e 
fo r the purpose o f these experiments in t ha t the th ree components u^ _ are 
3 
l i n e a r l y coupled via the terms £ A . . u . . Consequently, new depen-
• -I i J J > a a 
dent v a r i a b l e s P, are now introduced in order to remove t h i s l i n e a r k 
coupl ing. S ince the known c o e f f i c i e n t s A . . in Equation (19) form a 
symmetric m a t r i x , the re e x i s t s an or thogonal matr ix S such tha t S AS 
i s d iagona l . Hence, i f one in t roduces the t ransformat ion 
3 
^ = I S j k P k < 2 0 > 
k = l 
i n to Equation (19)5 he ob ta ins 
3 
p p . , , = i i . p . + y v . . p . p , (21) 
J > t t J J ? a a Lt j£m 4,a m,aa £m=l 
where u . are the e igenvalues o f the A . . matr ix and where the d e r i v a t i v e 
no ta t ion i s the same as in Equation (19). The e igenvec to r s o f A . . r ep re -
^-3 
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sent the polarization directions which are uncoupled in the linear appro­
ximation. Thus, P. is the amplitude corresponding to the jth uncoupled 
polarization. The v.. are known linear combinations of the second and 
third order elastic constants. 
The equations of motion for a plane wave given in Equation (21) 
are exact through the lowest order nonlinear terms. They may, however, 
be simplified even further using perturbation theory. The sound wave 
amplitudes currently available in the laboratory are sufficiently small 
that the nonlinear terms of Equation (21) may be treated as small per­
turbations. Moreover, in these experiments one introduces a plane wave 
sinusoidal pulse into one end of the crystal and then measures only that 
second harmonic distortion which increases linearly with propagation 
distance. Wow a straightforward perturbation calculation (see Appendix) 
shows that only those terms in Equation (2l) for which j = I = m, or for 
which I = m and u,. = |i yield a second harmonic which increases linearly 
with propagation distance. Such terms are said to be resonant. Those 
for which j = I = m are called self-resonant and those for which I - m 
and u. =11, are called mutual-resonant terms. Mutual resonance occurs 
J X 
only if there is an accidental degeneracy, U.. = u... This degeneracy, 
J * 
depending as it does on propagation direction and second order elastic 
constants, occurs so infrequently that it will be excluded from the 
following discussion. Finally, we note that in general the nonresonant 
terms in Equation (2l) lead to second harmonic generation which is 
smaller, relative to the resonant generation, by several orders of magni­
tude . 
Finally then, the experimentally relevant equations of motion for 
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a plane wave in a solid take the simple form 
p P . , = | i . P . + v. . . P . P . , (22) 
Jjtt J J?aa J J J j,a j ,aa 
where j = 1, 2, 3. If the generated plane wave Is linearly polarized 
along one of the three independent polarization directions then only one 
of the three equations given by Equation (22) is nontrivial. The solu­
tion of this equation and its use in relating measured quantities to 
elastic constants are the subjects of the next part of this section. 
Solution of the Equation of Motion 
Breazeale and Ford (17) have shown that the perturbation solution 
of Equation (22) given by 
P . = B. sin (cut-k.a) - ( v . . ./8U ) B . 2 k. 2 a cos (2 u)t-2k.a) (23) 
J J J JJJ j J J J 
is sufficiently accurate to describe the results of wave harmonic distor­
tion experiments. In this equation the angular frequency cu and the wave 
2 V>* 2 
number k. are related by the equation CD = — k. , and B. is the amplitude 
J P 3 3 
of P . at a = 0 . The second harmonic amplitude, 1 L ., of P . is given by 
where a is the distance through which the initially sinusoidal disturbance 
has propagated. Thus, if one introduces into one end of a solid a plane 
sine wave with polarization such that only one component P . is nonzero, 
J 
then he may determine the linear combination of second and third order 
elastic constants v . . . by putting measured values of 1 L ., B., k., and a 
into Equation (2*+). The magnitude of H p . is found by measuring the 
*— <3 
m a g n i t u d e o f t h e s e c o n d h a r m o n i c c o m p o n e n t o f t h e d i s t o r t e d w a v e a n d t h e 
s i g n o f H Q . i s f o u n d b y o b s e r v i n g t h e r e l a t i v e p h a s e o f t h e f u n d a m e n t a l 
a n d t h e s e c o n d h a r m o n i c c o m p o n e n t s . S i n c e t h e s e c o n d o r d e r e l a s t i c c o n ­
s t a n t s a r e u s u a l l y k n o w n , d e t e r m i n i n g v y i e l d s a d e f i n i t e v a l u e f o r o n e 
l i n e a r c o m b i n a t i o n o f t h i r d o r d e r e l a s t i c c o n s t a n t s . 
R e f l e c t i o n f r o m a B o u n d a r y 
A q u e s t i o n t h a t a r i s e s f r o m t h e s o l u t i o n o f t h e e q u a t i o n o f m o t i o n 
i s ; d o e s t h e s e c o n d h a r m o n i c a m p l i t u d e , H n . , c o n t i n u e t o i n c r e a s e a f t e r t h e 
p j l s e h a s b e e n r e f l e c t e d f r o m a s t r e s s - f r e e b o u n d a r y ( t h e e n d o f a c r y s t a l 
s a m p l e ) ? T h i s q u e s t i o n i s r e l e v a n t b e c a u s e i f t h e a n s w e r w e r e y e s t h e r 
r u e c o u l d c u t s a m p l e c o s t s a n d o b t a i n a l o n g p a t h l e n g t h I n t h e m e d i u m 
o v u t i l i z i n g s e v e r a l t r a n s i t s o f t h e s a m p l e . 
T h e b e h a v i o r o f a d i s t o r t e d w a v e a f t e r r e f l e c t i o n f r o m a b o u n d a r y 
c a n b e I n f e r r e d w i t h o u t r e f e r e n c e t o t h e p e r t u r b a t i o n s o l u t i o n g i v e n 
a b o v e . T o d o t h i s o n e r e w r i t e s E q u a t i o n ( 2 2 ) i n t h e f o r m 
p P t t = (,. + v P a) P a a . (25) 
T h e s u b s c r i p t s a a n d t d e n o t e p a r t i a l d e r i v a t i v e s a n d t h e s u b s c r i p t j 
h a s b e e n o m i t t e d b e c a u s e w e a r e o n l y c o n s i d e r i n g o n e p o l a r i z a t i o n . E q u a ­
t i o n ( 2 5 ) c a n b e t h o u g h t o f a s a w a v e e q u a t i o n f o r w h i c h t h e p h a s e 
/ e l o c i t y a t a g i v e n p o i n t i n t h e w a v e d e p e n d s o n t h e s t r a i n , P , a t 
t h a t p o i n t . I f w e s u p p o s e , a s i s u s u a l l y t h e c a s e , t h a t v < 0 t h e n a 
p o i n t t r a v e l i n g w i t h t h e w a v e f o r w h i c h P > 0 w i l l m o v e m o r e s l o w l y 
a 
t h a n t h o s e f o r w h i c h P = 0 o r P < 0 . C o n v e r s e l y , o n e w o u l d e x p e c t 
a a 
t h a t p o i n t s f o r w h i c h P < 0 w i l l m o v e f a s t e r t h a n p o i n t s f o r w h i c h P = 0 
a a o r P > 0 . T h i s v a r i a t i o n o f t h e p h a s e v e l o c i t y w i t h p o s i t i o n o n t h e w a v e 
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Figure 1. Reflection from Stress-free and Fixed Boundaries. 
2 2 
will cause some points to "lag behind" while others will "catch up" and 
so the wave will distort as it propagates through the solid. 
Suppose P = f(o)t + ka) is a wave which has been distorted and 
suppose it is reflected from a stress-free boundary at a = 0. Figure 1 
leads one to expect that after reflection the wave would be represented 
by 
P = f (cut - ka) . ( 2 6 ) 
By differentiating Equation ( 2 6 ) one can see that those points for which 
P > 0 had been true before the reflection now have P < 0. Thus, the 
a a 
process of distortion would be reversed and the wave would undistort 
since points which had "lagged behind" before reflection would now be 
trying to "catch up." 
On the other hand, if the boundary at a = 0 had been a fixed 
boundary then one would expect the reflected wave to have the form 
P = _ f(mt - ka) , ( 2 7 ) 
so that the process of distortion would continue. 
In order to substantiate the intuitive argument given above, 
Equation ( 2 5 ) was solved on a computer by means of a finite difference 
method. Periodic boundary conditions were used first in order to verify 
the perturbation solution given in Equation ( 2 3 ) . This done, the above 
predictions concerning reflections from fixed and stress-free boundaries 
were also verified. 
2 . Obtainable Linear Combinations 
This section of the chapter is concerned with finding out how many 
23 
of the third order elastic constants one can measure by means of the wave 
harmonic distortion experiments. In particular, the equations of motion 
for a single plane wave in a cubic crystal are shown to depend on the 
five parameters C ^ C ^ , C ^ , (20^  + C ^ ) , and & l k h + C ^ ) in­
stead of all six third order elastic constants. Since the wave harmonic 
distortion method uses a single plane wave pulse, these five parameters 
are the only quantities which can be measured by this technique. Computer 
calculations leading to these conclusions are described in the first part 
of this section and an analytic proof is given in the second part. 
Some Calculations 
In Section 1 of this chapter it was shown that by means of the 
wave harmonic distortion method one could measure a linear combination 
of second and third order elastic constants, v. One can write this 
linear combination as 
v
 =
 a l Clll +
 a2 Cll2 + a3 c l W + % Cl66 + a5 C123 + a6 CU56 (28) 
+ b l Cll +
 b2 C l * + b 3 °12 • 
The values of the a., and b . can be calculated from known values of the 
l I 
second order elastic constants and a knowledge of the propagation and 
polarization directions. Thus, the information obtained from a series 
of harmonic distortion experiments for a number of different propaga­
tion-polarization direction sets can be expressed as a set of linear 
equations 
alj Clll +
 a2j Cll2 + a3o ClUl. + \i C166 + Si °123 + a6j Ch% = K j ' 
(29) 
2k 
where j = 1 , 2, 3 ... N and N is the number of experiments that have been 
performed. The right-hand side of Equation (29) is calculated from Equa­
tion (28) and is given by 
K J = ^ - hi C l l " \i °kk - b 3 j C 1 2 > (30) 
where j = 1 , 2, ... N. 
The system of linear algebraic equations given by Equation (29) 
has the six third order elastic constants as unknowns. If Equation (29) 
includes six linearly independent equations then all six third order 
elastic constants can be found by means of the wave distortion experi­
ments. The linear dependence or independence of Equations (29) is de­
termined by the coefficients a.. which may be calculated once the polar-
ization and propagation directions are specified. Thus, a computer was 
used to try to find propagation-polarization direction sets yielding six 
linearly independent equations. 
For values of the second order elastic constants corresponding to 
copper and also for values corresponding to gold, the best one could do 
was to find five linearly independent equations. In fact, for both 
copper and gold one finds that the relation 
- 2 a 0 . + k a c . + a. . = 0 (31) 
holds for every obtainable equation. If Equation (31) is rewritten in 
the form 
a 0 . = 2 a_ . + J a, . (32) 
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and substituted into Equation (29), then the resulting system of equations 
is 
alj Clll + a2j C112 + % C166 + ( 2 C l ^ + C123) a5j + ( * C H * ( 3 3 ) 
+ C,
 c C ) a. = K 
where j = 1, 2, . . . N. The five quantities C . ^ , C Ci665 ^ 2 ClUU 
+ C-]_23)? a n ( ^ ^ ^]_kk + ^ can, in principle, be determined by wave 
harmonic distortion experiments. The analytic argument given in the 
next sub-section shows that this result holds for any cubic material 
and for any measurement method for which the only strains used are single 
plane waves. 
Proof of the Five Constant Result 
The purpose of this sub-section is to show that the elastic con­
stants ^ ± K K } a n < ^ " ^56 C a n ^ 6 r e P ^ - a c e ^ the parameters (2 + 
1^23^  a n < ^ ^ ^ I H K + 5^6^  ^ n ^ E e x P r e s s ^ - o n ^ o r ^he elastic potential 
energy of a cubic crystal if only a single plane wave is present. Con­
sider only that portion Y of the elastic potential energy expression § 
which contains C ^ ^ , 1^23' a n ^ ^56' n a m e l y ? 
Y(T|) = 2 C L K H ( \ x \ 3 2 + \ 2 T ) 3 1 Z + H33 \ 22) + C 1 2 3 \ x \ 2 1133 (34) 
+ 8
 %6 \ 2 \ 3 V • 
This expression is part of Equation ( H ) and here, as in the first part 
of the chapter, the bar over a quantity means it is measured with respect 
to the symmetry axes of the crystal. The coordinate system used for this 
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calculation is not along the symmetry axes, but is oriented so that the 
a direction is along the direction of propagation. The change of co-
orairuitcs in Y is accomplished by means of Equations (13) and (l*+). For 
convenience, Y is- written in .the form 
=
 f l Glkk + f 2 C l 2 3 + f 3 % 6 > ( 3 5 ) 
where f^ is a function of T) and R. If the equality 
f i 3 2 f 2
 +
 i f 3 ( 3 6 ) 
holds identically in T| for each rotation matrix R, then the argument is 
complete since then C ^ ^ , C 1 2 3 ' a n ( * ^56 a p p e a r i n ^ o n l y a s ( 2 Cil|i| + 
C 1 2 3 ) and ( i C l ) A + J : w ) . . 
To see that Equation (36) holds for each R, first notice that for 
a plane wave of arbitrary polarization the equation 
3u \ 




J = ' — - - 1 0 











is obtained. However, one must exercise some caution before setting 
^22 = ^23 = ^32 = ^33 = 0 i n t n e expressions for f^, f^, and f since 
°* . It could be the equations of motion, Equation (12), depend on 31) 
that some term in f is zero without having a zero derivative. A closer 
inspection of Equation (12) shows that only 
an 
appears; so a term 
Ik 
containing U ^ ' ^23' ^32' ° r ^33 a S a -^ a c^ o r n°t contribute to the 
equations of motion. Substituting for f from Equation (3*0 yields the 
equation 
2 f2 +i f3 - fx = 2 ^ l ( Tl 2 2 Ti33 - \32) + 2 Tl31(li12 ^ - \ 2 T )^ 
+ 2
 ^ 1 ^ 3 2 \ 3 " ^33 V 
(39) 
The right-hand side of Equation (39) is twice the value of det (Tj) which 
is invariant under rotations of the coordinate system. Since Equation 
(38) shows that det (T|) = 0 in a particular coordinate system, one con­
cludes that 
2 f + i f. - f, = 0 (ho) 
holds identically in T) and R. 
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3. Tables of Useful Directions 
The simplified form of the equations of motion, Equation (22) is 
of no use to the experimenter as it stands. This is because the co­
efficients |JL and v are such complicated functions of the polarization 
direction, the propagation direction, and second order elastic constants 
that choosing useful directions by means of hand calculations is out of 
the question. On the other hand, Equation (22) can be made useful for 
one who wishes to perform the experiments if the values of n. and ex­
pressions for v are calculated by means of a computer and given as tables. 
In the first part of this section such tables are given for six cubic 
materials: copper, gold, sodium chloride, silicon, potassium chloride, 
and germanium. In the second part of the section the tables are used, 
along with preciously measured values of the elastic constants, to 
estimate the experimental uncertainties one could expect in the values 
of the elastic constants calculated from measured quantities. 
Explanation of the Tables 
Tables 1 through 6 represent the plane wave equations of motion 
for six different cubic materials. Each horizontal line of entries in 
the tables represents the equation of motion for a particular propagation 
direction and polarization direction. The entries in the table are given 
for a sufficiently large number of evenly spaced directions that inter­
polation between entires is possible. Thus, the tables can be used to 
obtain the continuous variation of |j, and v with propagation direction. 
The polarization and propagation directions are specified by unit vec­
tors referred to the crystal symmetry axes rather than by Miller indices 
since the latter become cumbersome for such a large number of closely 
spaced directions. In order to reduce the space required for the tables 
the irrelevant polarizations for which all of the coefficients of third 
order constants in Equation (29) are zero have been omitted. Because of 
the cubic symmetry only propagation directions whose unit vectors end 
on that portion of the surface of the unit sphere bounded by the spheri­
cal triangle with vertices at the points corresponding to the [100], 
[ill], and [110] directions have been considered. Every other propaga­
tion direction is equivalent to one of these. It is interesting to note 
that propagation directions on the boundaries of this surface have only 
two relevant polarizations, i.e., polarizations for which the coefficients 
of at least one of the third order elastic constants in Equation (29) is 
nonzero, and that the [100] and [110] directions have only one relevant 
polarization each. 
These tables have been prepared in order that one who wishes to 
do the experiments will have data which will assist him to choose optimum 
polarization and propagation directions for the determination of third 
order elastic constants. In making his selection, the experimentalist 
must also consider the variation of measurement error with polarization 
and propagation directions, the difficulties of cutting crystals for the 
various propagation directions, and the problem of exciting peculiar 
polarizations. Since these latter factors may vary among experimental­
ists, no attempt has been made to choose specific directions. 
Estimated Uncertainties 
Some rough calculations have been made to find out how the esti­
mated maximum error for the experimentally measured values of v... would 
333 
be reflected in the calculated maximum error for the values of the elastic 
30 
constants. To do this, several sets of 5 directions were chosen, each 
time using [100], [110], and [ill] longitudinal polarizations with two 
additional polarizations in arbitrarily chosen directions. Then the 
value of v for each direction was calculated from values of the elastic 
constants obtained by other methods (12). Finally, as if each v had 
been measured with a maximum error of ± 5 per cent, the procedure was 
reversed and the numbers: C-^ n' ^ 1 1 2 5 ^166 5 ^ ^LHH + ^ 1 2 3 ^ ' a n^" 
(|r C-^ Ldf + w e r e calculated with their corresponding maximum errors. 
These calculations were done for two sets of directions each for copper 
and gold. The results in each case gave a maximum error for the values 
of C,.,., , C a n d C , ^ on the order of 20 per cent. The calculated ill' 112 loo 
maximum errors for (2 + C.^^) a n c ^ ^ ^LHK + ^56^ w e r e o n ^ e o r ( ^ e r 
of 1000 per cent. For the purpose of these calculations, the error in­
troduced by the uncertainty in values of the second order elastic con­
stants was neglected. One can conclude that C _, _, , C and C ^ R R can be 
1 1 1 112 loo 
measured with reasonable accuracy by the wave distortion technique, but 
that it may be difficult to measure (2 + C.^^) a n d - d ^±L\.H + ^K^6^ 
by this method. 
H . Energy Flux Vector 
In the preceding sections it has been assumed that the waves 
under consideration are infinite plane waves. An important geometrical 
consideration arises when one drops this assumption. Love (29), Water­
man (30), and others (31) have pointed out that in an anisotropic solid 
a plane wave of finite extent will travel in the direction of the energy 
flux vector rather than the propagation direction. Figure 2 illustrates 
CRYSTAL SAMPLE 
Figure 2. Deviation of the Energy Flux Vector from 
the Propagation Direction. 
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how a wave disturbance of finite extent can be a function of distance 
along the propagation direction, but travel in a quite different direc­
tion. This fact will affect the geometry of the wave distortion experi­
ments because the largest wave generator one can devise is still of 
finite size and hence, in locating the generator and the detector on 
the sample, one would like to have the direction from the center of the 
generator to the center of the detector coincide with the direction of 
travel of the wave, which is the energy flux direction. 
In this section the expression for the energy flux vector is de­
rived by the method given in Love's book on elasticity (29). This ex­
pression is then applied to the case of a plane wave in a cubic crystal 
and finally, the energy flux direction is tabulated in a form which 
parallels that used in the tables for |i and v in the preceding section 
of this chapter. 
The elastic energy in a volume V of the continuum is given by the 
expression 
where p is the density per unit unstrained volume and. u^ is defined by 
Equation (l8). Since the deviation of the energy flux vector from the 
propagation direction is a consequence of the anisotropy of the continuum 
rather than a nonlinear effect, infinitesimal elasticity theory may be 






, / 3u. *u . \ 
ij 2 1 3a . 3a . 
;i i 
and (die cubic terras in the expression for § given by Equation ( 3 ) arc 
dropped. To find an expression for the energy flux vector we would like 
to express the time rate of change of energy in V in terms of a surface 
integral over a surface bounding V. The integrand will then be identi­
fied as the energy flux vector into V. Since the positive sense of the 
surface normal vector is usually taken in the outward direction, the 
negative of the integrand will be taken as the actual expression for the 
energy flux vector across the surface. 
The time rate of the change of the energy in V is given by 
3 3 
dt = J p L u i U I + L 3TT~ ~ 3 t a ' ( ^ 3 ) 
V 1=1 i,j=l 1 J 
where the infinitesimal definitions for T] and $ are used. As character­
istic of the terms in Equation (*+3)
 5 take the terms containing u^ or 
3u 





I p " i " i + 1 # : & * v a - K { p V I M 
V j=l J J V j=l J 3 
. I 1, L 
The term given in the brackets vanishes identically because of the equa­




 r , 3 
I u i sttt d v a = J A u i air: d S j ' (1+5) dt J *a . \ i ?)% . ; V i,;i=l J ^ " ^ S 
jo that the energy flux vector is given by 
3 
i=i 1 J 
In the case of plane waves the expression for u^ is 
3 
u. (a.. ,t) = AP. sin (cut - V k.. a..) , (h7) 
1 .1 1 L.J J J 
A 
where A is the amplitude of the plane wave, is the polarization unit 
vector of the plane wave, uo is the angular frequency, and k,. is the propa-
t3 
nation vector. Differentiating Equation (^7) yields 
3 
A 
u.. = AP, a) cos 
.i=l 
which can be used along with the derivative of the expression for $ 
o 
•1J k,X=l 
to obtain the expresion 
3 
^— O A A ^ ""l 
E . = - ' A" oj C. . P.. P. k. cos1" /mt - / k. a , , (50) 
;i ij ijU l k ^ Z_i m m
 ; IXC=] m=l 
i/ju.ch is TI e energy flux vector for plane waves in a crystal. By averag­
ing over one period and using the symmetry properties for a cubic crystal, 
one obtains 
A 2 H) f C l l A 2 CJ|-H .A A A A . . , 
-
F l " - T 2 I " P l k l + " I T ( P 2 P l k 2 + P 2 P 2 V ^ 
i i i i . A A A A
 s l , A A A A N"\ 
+
 "f ( P 3 P l k 3 + P 3 P 3 kl> + 2 C 1 2 ( P l P 2 k 2 + P l P 3 k 3 ) I ' 
A 2 ru f Cll A 2 C1±U , A A A A , 
, A A A A , 12 /AA A A . *\ 
( P 3 P 2 k 3 + P 3 P 3 V + — ( P 2 P l k i + P 2 P 3 k 3 ) 1 
and 
2 C C 
x A " (jn f 1 1 A 2 UU / A A A A . 
'• / - v " l i r p 3 k 3 + - r ( p i p3 k i + p i p i k 3 ) 
C C 
U i i . A A A A , 12 / A A A A . ^ 
+ — ( P 2 P 3 k 2 + P 2 p 2 k 3 ) + - F ( P P 2 k 2 + p 3 p x k j } . These expressions have been normalized and programmed for a computer to 
obtain Tables 6 to 1 2 . Here, the format of Tables 1 through 6 has been 
retained so that when one chooses a propagation and polarization direc­
tion set from the first group of tables he may then refer to the second 
set to see how the energy flux vector will affect the geometry of the 
experiment. The importance of this effect is demonstrated by the fact 
that some of the tabulated deviations are as large as 20 degrees. 
5. Summary and Concluding Remarks 
The purpose of this chapter was to describe the research which led 
to the solution of some theoretical problems involved in measuring third 
3 6 
order elastic constants of cubic crystals by the wave harmonic distortion 
method. In particular, four problems were considered, namely, to simplify 
the equations of motion, to find out how many elastic constants can be 
measured, to show how to choose useful directions, and to show how the 
geometry of the experiment is affected by the deviation of the energy 
flux vector from the propagation direction. 
The first of these problems was discussed in the first section of 
the chapter, where it was shown that for a linearly polarized plane wave 
of a suitably chosen polarization direction the equation of motion can 
be written in the form 
P = M- p + v P P , 
r
 tt aa a aa 
where P is the displacement in the polarization direction, a is distance 
along the propagation direction, p is the density, p, is a linear combi­
nation of second order elastic constants, and v is a linear combination 
of second and third order elastic constants. A perturbation solution of 
this equation was written out and it was pointed out that the quantity v 
could be calculated from the results of a wave harmonic distortion experi­
ment . 
The research described in the second section of the chapter shows 
that the parameters ^112>
 Ci665 ^  2 Clhk + C 1 2 3 ^ 5 a n d ^ ClM^ + 
CI r-/-) can, in principle, be measured by means of these experiments. This 
JL-_;B 
result was obtained with the help of a computer and is substantiated by 
an algebraic argument. A calculation made in the third section of the 
chapter indicates that there may be some practical difficulties in mea­
suring the last two of these parameters by this method. 
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Useful directions for measuring linear combinations of third order 
elastic constants can be found with the help of the tables given in the 
third section of this chapter. These tables have been made for six 
particular materials and provide sufficient information for interpreting 
the results of the experiments. 
Finally, the geometry problem was solved in the fourth section by 
means of tables which give the proper relative position of the ultrasonic 
generator and detector on the crystal sample. The ultrasonic wave 
actually travels in the direction of the energy flux vector rather than 
the propagation direction so that one would like to have the direction 
from the center of the generator to the center of the detector coincide 
with the energy flux direction for the propagation direction chosen. 
The tables give the energy flux direction for each of the useful direc­
tions given in the preceding section. 
In conclusion, it should be mentioned that although the wave har­
monic distortion method cannot be used by itself to measure a complete 
set of elastic constants, it can be used in conjunction with another 
technique to measure a complete set. Linear combinations of elastic 
constants can be calculated from the results of experiments measuring 
the change in sound velocity in the crystal due to an applied uniaxial 
or hydrostatic strain (8). Unfortunately, an applied uniaxial strain is 
apt to cause slip or plastic deformation in soft crystals such as copper 
(9)3 and the sound velocity measurements for the case of hydrostatic 
pressure do not yield enough information to measure a complete set of 
constants. However, a complete set of elastic constants for a cubic 
crystal can be obtained by combining the results of hydrostatic pressure 
3 8 
sound velocity experiment with results of wave harmonic distortion experi­
ments (17). Both of these techniques are well suited for soft crystals, 
and recently Gauster has published a complete set of third order 
elastic constants for copper which was calculated this way. 
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CHAPTER III 
BEAM SCATTERING EXPERIMENTS 
Several authors (21-23) have suggested that measurements of third 
order elastic constants might be accomplished by means of ultrasonic 
beam scattering experiments. Such measurements would utilize the fact 
that the production of a scattered wave by the interaction of two non-
collinear ultrasonic beams is due to the elastic nonlinearities of the 
solid. The most obvious method for utilizing this fact is to measure 
the amplitudes of the input and scattered waves and to use these ampli­
tudes to calculate a linear combination of the third order elastic con­
stants. To do this, one needs to know how the amplitudes of the three 
waves are related to the elastic constants. 
The first section of this chapter is devoted to the derivation 
of an equation relating the wave amplitudes to the elastic constants of 
the solid. For this derivation the displacement field is quantized and 
the interaction of the ultrasonic beams is represented by the Interaction 
of the quanta of the corresponding phonon branches. The long wave length 
approximation is used; that is, dispersion has been neglected. Time de­
pendent perturbation theory is used to obtain the final result. 
In the second section of the chapter the theory is applied to the 
case of cubic materials in order to determine, out of the totality of 
interactions which occur between two incident beams, which interactions 
are experimentally useful for determining third order elastic constants. 
ho 
Spec! L'.ic inte^ac bions ure surges tod Cur six materials and a sample calcu­
lation is made in order to demonstrate how one can use the measured quan­
tities for these interactions to calculate third order elastic constants. 
Some suggestions for doing the experiment are given along with 
the concluding remarks in the final section of the chapter. 
1. Theory of Three Phonon Interactions 
In this section the classical Hamiltonian for the continuum is 
quantized and first order time dependent perturbation theory is used to 
derive an expression for the density of scattered phonons in terms of 
the input phonon densities and the third order elastic constants (l). 
Since the phonon densities can then be related to the wave amplitudes 
( 2 3 ) , the result Is an equation which relates the elastic constants to 
quantities which can be measured. 
In this derivation the quantum, rather than classical, formalism 
is used because it allows some algebraic shortcuts. Taylor and Rollins 
(23 ) have shown that for isotropic solids the quantum and classical 
predictions are identical and one would expect the same result here. 
The classical Hamiltonian for a perfectly elastic continuum is 
given by the expression 
3 
H = l IV1 I P b P b d V + J$™ d V > (52> 
V V b=l 
where the momentum density, p , is given by p = p u , the expression 
K. K. K 
for $(T|) is given in Equation ( 3 ) 5 V is the interaction volume, and u is 
K. 
defined by Equation (18). The surface energy term, which couples the 
kl 
internetion voius -c v?.i.t>) the fest of Hie solid, has been o- titted here because one would expect it to be much smaller than the terms retained. 
The symmetric strain tensor is defined in Equation (l) which, for this 
derivation, is rewritten as 
/ 3 1 / V 
!].. = •?:/ ) u. . u, , + u. . + u. . 
'jk 2( L b,j b,k j,k k,j * 
b=l 7 (53) 
by means of Equation (l8). In this equation and in the expressions that 
follow, the subscripts j and k take on the values 1, 2, and 3 and the 
symbol u . is defined by the equation 
du, 3a 
Equations (53) and (3) can be substituted into Equation (52) to obtain 
the Hamiltonian in the form 
H = H + H' 
o (5M 
where H and H are given by the expressions 
o 
H = -














II' = , • 77 / C, -, U. U„ , U^  + ttt / C, , _ U U. U_ 
J L ? ! i-j bede b,c f,d f,e 3! /_* bedefg b,c d,e f,g 
V bedef bedefg (56) 
1+2 
In writing these expressions, use is made of the following symmetry pro­
perties of C, , and C, , „ which are common to all materials: 
bcde bcdefg 
C, , = C = C , , = etc. , (57) bcde debc ed be 
and 
^bcdefg ^de be fg ^ed befg 
As in the preceding chapter, all terms in the elastic energy containing 
powers of u. greater than the third have been dropped since their 
effect is negligible for the range of the parameters one can realize in 
current experiments. Equations (5I+-56) are exact up to this point. 
Quantization of H 
, Q_ 
In the quantum theory, the variables u_. and p. in Equation (55) 
are canonically conjugate operators which obey the commutation relation 
Cuk(a), p. (a')] = i t 6(a - a*') 6 k j . (58) 
In this equation, 6(a - a ) is the Dirac delta function, 6 n . is the 
kj 
Kronecker 6 , and is the normalized Planck's constant. 
In order to use existing perturbation theories, one needs to 
write the Hamiltonian in terms of the raising and lowering operators. 
These raising and lowering operators form discrete sets, while the 
operators u (a) and P ^ ( a ) in Equation (58) are functions of the contin­
uously varying quantity, a. Consequently, u^(a) and P k ( a ) a r e transformed 
according to the equations 
and 
V?) Yuie1*-- a (59) 
3
 TV" £ q 
In these expressions the symbol represents a discrete sum over the 
cf ~* 
normal mode frequencies of the ^ interaction volume and q is the pro­
pagation vector corresponding to a given frequency. By substituting 
Equation (59) and Equation (6o) into Equation (55) and using the identity 
i j
 eiG -?').; dv _  t (61) 
one obtains 
H O = i i p-p-* (62) 
i r V b d* 
+
 h II Cbcde u ^ u - % % ' 
q* bede ^ <^ 
•* 
where P is the Hermitian conjugate of P . In writing H q in this form 
the identities 
uf = and P^ K = P k * (63) 
q -q q -q 
have been used. These identities follow from the Hermitian property of 
the operators u. and p . 
J k 
kk 
For each q, Equation (62) is the Hamiltonian of a system of quan­
tized coupled linear oscillators. In order to express this Hamiltonian 
in terms of raising and lowering operators, it is first necessary to 
write it in terms of the normal coordinates for each q. The symmetry 
properties given by Equation (57) guarantee that the matrix 
3 
jk 2 L jbkc 
b, c=l 
will be symmetric, and so for each q there exists an orthogonal matrix 
call it R q , such that 
A T>q n „ „ _
 M q e 
BCDE 
R.q, R q . C, , q q = G .N . (65) 
KB ;ID BCDE C E K :IK 
q Q 
THE symbol represents the eigenvalues of the matrix W j ^ . The trans­





P k " I ^ < (67) 
q
 b=l 
into Equation (62). The result of this transformation is 
«o=I {fP 1 4 4* + <) • (68) 
q b=l b=l 
The raising and lowering operators are defined by the equations 
- 2 * q P t \ 
' 2 
TT<1 q i p <\ fa) 2 -. V. q* (69) 
and 
= 1 2 P 
2 -• 
+ i P % v; (70) 
2 Q 
where co^  = ^ 2 ^ p and i = - 1 . The commutation relations for a^ -
q* 







which can be deduced from Equation (58) by means of the equations de­
fining the transformations just accomplished on H . The linear part of 




If the symbol | ... . . r e p r e s e n t s an eigenvector of H q for which 
the occupation number (eigenvalue) corresponding to the mode defined by 
/ - • N q tf* 
(q,k) is NT. then the nonzero matrix elements of a/~ and a are given by 
K K K 
the equations 
< - 1 ... | a * | ... ... 
k k k > N (73) 
and 
k6 
| af | ...4...y =/^7T . (7k) 
Transition Probability due to H' 
The transformations defined in the preceding paragraphs can now 
be used to calculate the matrix elements, and thence the transition prob­
ability, from the nonlinear part of the Hamiltonian. By performing the 
three transformations defined by Equations (59) and (60), Equations (66) 
and (67), and Equations (69) and (70) on the expression for H' given in 
Equation (56), one obtains 
where 6 ~* -*/ -*// expresses the momentum conservation requirement. 
o, q + q + q 
The clutter of subscripts and superscripts in Equation (75) can be 
cleaned up if one notices that the elements of the set (q,k), which 
—» 
are the superscript and subscript of the operator a^ , designate a 
phonon state in the following way: The vector q is the propagation 
vector of the phonon. Its direction is the direction of propagation and 
^7 
its magnitude is 2 T T / X , where \ is the wavelength. The integer k defines 
the polarization direction of the phonon state, that is, the phonon state 
(q,k) is polarized along the unit vector 
which is defined in Equation (65). In the physical situation to be de­
scribed here there are ideally only three occupied phonon states, namely, 
the two scattering states and the scattered state. If these states are 
—» 
called 1, 2 , and 3? then the set ( q , k ) can be replaced by the integer j . 
Ak q 
The symbol P. will then be used in place of the symbol R, . to represent 
J kj 
A k 
the polarization unit vector. That is, P. will be the jth coordinate of 
J 
k 
the polarization vector of state k . Similarly, q_. will be the jth coordi­
nate of the propagation vector of the state k . 
To further simplify Equation (75)? one can anticipate the energy 
conservation requirement of time dependent perturbation theory by dropping 
those terms of the sum which cannot conserve energy. In particular, 
three phonons cannot be simultaneously annihilated or created. Also, if 
state 3 3 the scattered phonon state, is regarded as initially unpopulated, 
then an event annihilating a phonon in this state is prohibited. This 
leaves two possibilities: annihilation of both scattering phonons accom­
panied by creation of a scattered phonon or annihilation of one scatter­
ing phonon accompanied by creation of a scattered phonon and creation of 
a phonon in the other scattering state. These two possibilities are 
represented by the rewritten expressions for H 7 , 
H' =
 iZ\f2L- • G-(q X Q 2 q.3).(<B, «u u u ) - * . a.1 a 2 a.3* (77) 
1+8 
H ; = ~4ll)3f ' G-(q]' q 2 q 3 ) • (u)n uu u>J"* a1 a 2 * a 3 * , (78) 8p-^  V2 
~*1 -*2 -*3 
where Equation(77) applies if q + q = q , and Equation (78) applies 
-*1 -»2 -»3 
if q - q = q . The factor G is given by the expression 
I N - 1 / A l A3 Al A p A ^ . 
G
 = 27 L 2 Cefgh ( P g P * P i \ % 4 (79) 
efgh4 V 
A2 A3 Al A2 A3 Al A3 Al A2 A3 Al A2 \ + p
fi
 v\ pi \ % 4+ vl n v\ % % 4 
1 V CL n Al A2 A3 A X A2 A3 + — ) 6 C P P P J q x q C ; J 
3. L> rstuvw r t v s u 
rstuvw 
In'these equations q is the magnitude of the propagation vector of the Ak 
kth state and q. is the unit vector in the propagation direction. 
J 
Let the symbol | N-^, N^, 0^> represent the initial state of the 
system. If the perturbing Hamiltonian is given by Equation (77) then, 
by using Equations (73) and (7*0 one can see that the only possible 
transition will be to the state | - 1, - 1, 1^  . If the perturb­
ing Hamiltonian is that of Equation (78) then the final state will be 
I N-^  - 1, + 15 1^  . If represents the matrix element of the 
perturbing Hamiltonian between the final and initial states then 
( 2 t , ) 3 / 2 G q1 q2 q3 U <i>0 u,)"* 
- —
 8p3/a
 yi 1 2 3' V »1 »2 < 8 0> 
and 
1+9 
( 2 - k ) 3 / 2 G q 1 q 2 q 3 ( u > _ u u o O ' * f " 
Kf -----------^375^1 J \ ^2. + ]-) > <8l> 
where Equation (80) follows from Equation (77) and Equation (8l) follows 
from Equation (78). In the calculations that follow, it is assumed that 
^>y> 1 so that Equations (8o) and (8l) can be regarded as identical. 
The transition probability predicted by first order time depen­
dent perturbation theory is given by 
p - ^  ( H : f ) 2 j & ; , ( 8 2 ) 
where P represents the number of occurrences per second and the density 
of final states, d&^? i s given by 
& • V ( l"3 ) 2
 f8,, 
^ ~ •
 ( 8 3 ) 
In this expression, is the phase velocity of a phonon in state 3 . 
Substituting Equation (83) and Equation (80) into Equation (82) one ob­
tains the expression 
2 
2-fc G 2 K n N (a, ) 2 (q 1 q 2 q 3 ) ' 
P = i j - 2 — ^ 3 — , (81*) 
16 TT p (u^ ttV> u u ) (C^) 
which is the number of state 3 phonons per second created at the inter­
section of the-beams. This expression can be rewritten by means of the 
^k 
identity = —7- to give 
k j£ 
2 Tf G 2 N H„ co, u>o(«> ; ) 3 
P = 1 2 1 2 3 . ( 8 5 ) 
( C , c 2 ) 2 ( c 3 ) 5 
50 
Scattered Wave Amplitude 
Two things remain to be done in order to obtain an expression for 
predicting the scattered wave amplitudes. First, the transition prob­
ability, P, must be used to find the state 3 phonon density in the 
scattered beam and second, the phonon density needs to be related to 
the amplitude of a classical wave. 
Regard the scattered wave as a phonon beam having cross-sectional 
area S. Then, since P phonons of state 3 are created each second at 
the interaction volume, one must observe P state 3 phonons per second 
crossing a plane in the scattered beam. In other words, 
P = n 3 C 3 S , (86) 
where n^ is the phonon density in the scattered beam. Rewriting Equa­
tion (86) to give n^ and substituting from Equation (85) yields 
G 2 ^ N 2 o) 2(o) ) ' 1U = 7 • (87) 
3 S ( C ! C 2 ) 2 ( C 3) 6 
The phonon density, n , in a beam of coherent phonons can be 
K. 
related to the classical wave amplitude by means of an argument due to 
Taylor and Rollins. Briefly, the classical and quantum expressions for 
the energy flux across a plane of constant phase are equated and the 
resulting identity is solved for the classical wave amplitude. 
The classical energy flux vector given in Equation (50) can be 
averaged over one period to give 
1 V , 2 Ak AV k 
F i = "* L \ \ %cA P b P c q d • ( 8 8 > 
bed 
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The component of this vector perpendicular to a plane of constant phase 
is given by the expression 
e ^ $ bede 
This can be simplified by means of Equation (6k) and the definition of 
cu given in Equation (70) to give 
2 2 
A k cu, (d), ) p 
T = ~ - — - . (90) 
\ k 2 ^ ; 
q 
co k 
Finally, the substitution C, = -rr yields 
k Ik 
q 
V T ^ W 2 • ( 9 1 ) 
The corresponding quantum mechanical expression is 
By equating the right-hand sides of Equations (90) and (91) and solving 
for the classical wave amplitude, one obtains 
/2n 





The final expression for the amplitude of the scattered wave is obtained 
by substituting Equations (93) and (9*0 into Equation (87) to give 
G V A A a) a) a) 
=
 1 2 1
 \ 3 r • (95) 
3
 p C 1 C 2 (C3y (16 tt S)2 
_ i_ 
Except for the factor (16 rr S ) ~ 2 , this final expression agrees with the 
analogous expression obtained by Taylor and Rollins (23) for isotropic 
solids. The discrepancy occurs because of a difference in the means used 
for describing the geometry of the scattered wave. Thus, if one measures 
Ag and A^ for a particular interaction along with the geometrical 
parameters of the experiment, V and S , then Equation (95) can be used to 
calculate a value for a linear combination of elastic constants given by 
G. , Hope'fully, enough of these linear combinations could be measured to 
allow one to calculate a complete set of third order elastic constants. 
The purpose of this section of the chapter was to derive an equa­
tion relating elastic constants to quantities that can be measured experi­
mentally. Equation (95) is such an equation provided that one knows the 
quantity G for the interaction he happens to be using. In the next 
section some potentially useful interactions for cubic materials are 
listed, along with corresponding expressions for G, so that Equation (95) 
is rendered useful for one who wishes to do the experiment. 
2. Calculations 
The calculations presented here are based on the theoretical 
results obtained in the preceding section and have as their goal the 
prediction of interaction sets for cubic materials which would be useful 
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for measuring t h i r d order e l a s t i c c o n s t a n t s . The problem can be divided 
in to two p a r t s . F i r s t , one needs to f ind which i n t e r a c t i o n s are al lowed, 
and second, one needs to s e l e c t u se fu l i n t e r a c t i o n s from the se t o f 
allowed i n t e r a c t i o n s . 
Finding Allowed I n t e r a c t i o n s 
The equation for the amplitude o f a s c a t t e r e d wave, Equation (95)? 
i s v a l i d only for the case o f resonant s c a t t e r i n g , that i s , s c a t t e r i n g 
for which the i n t e r a c t i o n parameters s a t i s f y the conserva t ion laws for 
energy and momentum. These laws are given by the equations 
± ou2 = u> (96) 
and 
-*1 —>P 
q ± q = r , (97) 
where the cho ice o f + or - depends on whether the i n t e r a c t i o n i s o f the 
type given in Equation (77) or o f the type given in Equation (78). 
The problem of f inding allowed i n t e r a c t i o n s can be reduced to 
f inding a so lu t i on to a s e t o f a l g e b r a i c equa t ions . By means o f the 
k \ 
i d e n t i t y q = 77- , which holds because d i spe r s ion i s n e g l i g i b l e a t the 
k 
f requenc ies being cons idered , Equations (96) and (97) can be r e w r i t t e n 
in the form 
5h 
where is the kth component of the normalized propagation vector for 
state j . In this equation one allows — and —- to be positive or nega-
tive, thus eliminating the need for the ± sign used in Equations (96) 
and (97)• The input polarization and propagation directions are now 
regarded as given, so that the problem of finding a resonant interaction 
A 3 ^2 w 3 is equivalent to finding a unit vector qn and two scalars, — and — , k u)n U K 
A3 
such that Equation (98) is satisfied. Let the set of unknowns q^, 
— , and — be represented by y . b = 1 , 2 , . . . 5. Then Equation (98) 
u>, tth ^b 1 1 
can be written in the form 
\ + y r F V k = 0 (99) 
1 + xk - x 5 = 0 
2
 2 2 
X l + X 2 + X 3 " 5 
1 A l 1 * 2 
where D = — q, and E = — q are fixed by the choice of input waves, 
K. L» _ K. K U Q K. 
1 
and F = — is a function of \ , x Q> XQ> a n ( i a n integer, j , which de-
C 3 1 2 3 
signates the choice of the scattered wave polarization. 
Notice that Equation (99) illustrates a difficulty involved in 
finding allowed interactions in anisotropic solids. For the case of 
isotropic solids the quantity F depends only on j , the polarization of 
the scattered wave. Studies of three phonon interactions in isotropic 
solids have produced complicated selection rules which specify combina­
tions of scattering and scattered wave polarizations lead to a solution 
of Equation (99)• On the other hand, in an anisotropic solid the quantity 
F depends on the solution of a cubic equation, the eigenvalue problem of 
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Equation (6h), and so the problem of finding selection rules is hopelessly 
complicated. Because of these complications, no attempt has been made 
here to formulate a set of general selection rules. Instead, specific 
allowed interactions for cubic crystals have been found by means of a 
method of successive approximations and the suggested useful interactions 
were chosen from these. 
The computer program used to find these allowed interactions uses 
the following calculational procedure. As in the discussion above, the 
scattering polarization and propagation directions are fixed inputs and 
u)2 tt) 
the quantities q:, , — , and are the unknowns. To begin, a value is 
1
 co2 1 
assumed for the quantity — . This determines a trial value for the 
1 A? 
vector — — q:~ by means of the second equation of Equation ( 9 8 ) . By 
(JU^  
normalizing this vector and choosing a particular scattered wave polar-
^3 
ization the quantity CL can be obtained and consequently, — . Finally, 
3 tt^ 
the quantity 
1 + — - = Q (100) 
a)-j_ 3 
is calculated. If Q were zero then the conservation laws would be 
o>2 
satisfied. To that end, the value of — is varied in successive itera-
tions until A /^ is less than some given tolerance. Finally, it should 
be mentioned that, although this method has been very successful in cal­
culating allowed interactions, there is no guarantee that the method will 
converge for every allowed interaction. 
Useful Interactions 
The reason for finding resonant interactions between ultrasonic 
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beams in an a n i s o t r o p i c s o l i d i s to suggest some s p e c i f i c i n t e r a c t i o n s 
which might be u se fu l fo r measuring t h i r d order e l a s t i c c o n s t a n t s . Be­
cause o f the d i f f i c u l t i e s involved in e x c i t i n g unusual p o l a r i z a t i o n 
modes, a p a r t i c u l a r i n t e r a c t i o n i s more l i k e l y to be u se fu l i f the 
d i r e c t i o n s involved are d i r e c t i o n s fo r which "pure mode" propagation 
e x i s t s . By "pure mode" propagat ion one means tha t the uncoupled p o l a r i ­
z a t i o n d i r e c t i o n i s e i t h e r p a r a l l e l to or perpendicular to the propaga­
t i o n d i r e c t i o n . For cubic c r y s t a l s the p r i n c i p a l propagation d i r e c t i o n s 
a l lowing pure mode propagat ion are [ 1 0 0 ] , [ i l l ] , [ 1 1 0 ] , and a l l d i r e c t i o n s 
which are equiva len t to one o f these th ree because o f the symmetry o f the 
c r y s t a l . Consequently, i n the search f o r u se fu l i n t e r a c t i o n s i n cubic 
c r y s t a l s , the f i r s t i n t e r a c t i o n s considered were i n t e r a c t i o n s f o r which 
the two input wave propagation d i r e c t i o n s were each equiva lent to one 
o f the th ree d i r e c t i o n s j u s t mentioned. This i s not as l a rge a r e ­
s t r i c t i o n as one might imagine s i n c e the re are s i x [ 1 0 0 ] type d i r e c t i o n s , 
e igh t [ i l l ] type d i r e c t i o n s , and twelve [ 1 1 0 ] type d i r e c t i o n s and s ince 
there a re th ree p o s s i b l e p o l a r i z a t i o n s for each propagation d i r e c t i o n . 
Some i n t e r a c t i o n s u t i l i z i n g o ther propagation d i r e c t i o n s were i n v e s t i ­
gated and, in f a c t , some o f these o the r s were chosen as "useful" i n t e r ­
a c t i o n s . 
The use fu lness o f an i n t e r a c t i o n a l s o depends on the l i n e a r com­
b i n a t i o n o f t h i r d order e l a s t i c cons tan t s appearing i n the express ion 
f o r G, Equation ( 7 9 ) . One would l i k e to reduce the amount o f c a l c u l a t i o n 
necessa ry for determining a value f o r a p a r t i c u l a r e l a s t i c cons tan t from 
measured q u a n t i t i e s , thereby reducing the u n c e r t a i n t y i n the c a l c u l a t e d 
va lue . I d e a l l y , each i n t e r a c t i o n would y i e l d a value for a s i n g l e t h i r d 
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order elastic constant. In order to apply this criterion for useful 
interactions a computer program was written to perform the sum. 
y AI A2 A3 Al A2 A3 
Z_j rstuvw r t v % \ % ' 
rstuvw 
for each allowed interaction found by the iteration scheme. By means 
of this program, interactions were chosen which depend on a minimum 
number of elastic constants. 
The chosen useful interactions for copper, gold, silicon, sodium 
chloride, potassium chloride, and germanium are given in Tables 13 
through 18. These tables list the propagation and polarization directions, 
A A 
q and P, for each of the waves involved in the interaction. The quantity 
jjl is defined in Equation (21) and is related to the sound speed, C, by 
the equation 
= /M7P~ • (101) 
ttU. 0) 
The quantities — and — are the ratios of the angular frequencies of the 
^ 1 
waves involved. The final quantity in each tabulation, G, is given by 
Equation (79) and is expressed as the sum of a linear combination of 
third order elastic constants and a number, which is calculated from 
known values of the second order elastic constants. Thus, the tables 
give enough information about the interaction to allow one who wishes to 
do the experiment to know in advance what he is measuring and, by means 
of Equation ( 9 5 ) , to evaluate his results. 
Since the elastic constant C is conveniently measured by means 
of the pulse harmonic distortion experiments, no attempt has been made 
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to find interactions measuring it. Instead, in choosing useful inter­
actions it is assumed that a value of C ^ is known and all attention 
has been concentrated on the remaining five third order elastic constants. 
Finally, since one measures the amplitude of the scattered wave, 
but not its phase relative to the scattering waves, one needs to be able 
to determine the sign of the quantity G by some other method. This can 
be done by over-determining the quantities one wishes to calculate. Thus, 
instead of five useful interactions for the elastic constants to be mea­
sured, ten were needed. The purpose of the next section is to show, by 
means of a sample calculation, how the results of the measurements for 
the chosen interactions could be used to calculate the values of the 
elastic constants. 
Calculating the Elastic Constants 
In order to show how the chosen interactions can be used to mea­
sure third order elastic constants, the value of the quantity G for ten 
of the interactions has been calculated using the elastic constants for 
copper. These values for G will now be used to recalculate the third 
order elastic constants along with an estimate of the uncertainty in the 
calculated value. The values of the elastic constants used in these 
calculations are those obtained by Granato and Hiki (12) and are given 
in Table 19. A maximum uncertainty of ± 5 per cent is assigned to the 
value of G and used to find a maximum uncertainty in the calculated value 
of the third order elastic constant. 
Since the suggested experiment does not measure the sign of G, 
but only its absolute value, the value of each elastic constant is over-
determined, allowing one to choose between the plus or minus signs. The 
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first two interactions can be used, to calculate a value for C ^ ^ . By 
using the calculated, values for G, one obtains 
| - 0.5^ C l 6 6 - OA68 x 10 1 2 I = 3.77 x 10 1 2 
and 
I 0.978 C l 6 6 + 1.772 x 10 1 2 I = 5.86 x 10 1 2 
These equations can be rewritten without the absolute value sign by 
using a ± sign: 
- 0.5^ C l 6 6 - 0.U68 x 10 1 2 = ± 3.77 x 10 1 2 
0.978 C l 6 6 + 1.772 x 10 1 2 = ± 5.86 x 10 1 2 
Here and in the equations that follow, the ± symbol means that the in­
dicated quantity will later be assigned the + sign or the - sign by 
requiring that the equations used to determine the elastic constant be 
consistent. The equations for ^-^66 can be solved to yield the equalities 
12 , , 2 
cm 
°166 = ° * 8 6 1 ± 6*9 i0 x 10 dynes/ 
and 
Cl66 = (- l-Sl^ ± 5.99) x 10 1 2 dynes/cm 2 
The only choice of signs which makes these equalities consistent is "-" 
for each case. The calculated value is, of course, just the value given 
12 2 
in the table. The calculated uncertainty is 0.30 x 10 dynes/cm . 
The value of C^j^ c a n °e calculated by means of the interactions 
6 o 
labeled 5 and 10. One obtains the equations 
0 . H ? 6 C - C l 6 6 - 0.200 x 10 1 2 = ± 3.112 x 10 1 2 
and 
-0.3^8 + 0.3^8 C l 6 6 + 0.525 x 10 1 2 = ± 2.180 x 10 1 2 . 
which can be solved to give 
Cl¥+ "
 Cl66 = (°- 1 + 6 9 111 7-328) x 10 1 2 dynes/cm 2 
and 
Clkk "
 Ci66 = ( 1 * 5 ° 9 ± 6.264) x l o 1 2 dynes/cm 2 
These equations are consistent only if one chooses the + sign in each 
1 2 
case. The uncertainty in the calculated value of is 0.6l x 1 0 
2 
dynes/cm . 
The value of can be calculated by means of the interactions 
labeled 3 and 11. One obtains 
- 0.351 C l l + 1 + + 0.231 + 0.U03
 6 + 0.266 x 10 1 2 
= ± 1.903 x 10 1 2 
and 
0.00U C l i + i + - 0.577 C l 6 6 + 0.382
 6 - 1.080 x 10 1 2 = ± 3.057 x 10 1 2 , 
which can be solved to give 
1 2 . , 2 C k 5 6 = ( 3 * 7 7 ± U ' 7 3 ) X ^ n e s / cm 
6 l 
and 
C ^ 5 6 = (- 8 . 9 5 ± 8 . 0 0 ) x 1 0 1 2 dynes/cm 2 
In this case one uses the - sign in the first equality and the + sigh 
in the second equality. The uncertainty in the calculated value is 
12 2 
0.Qh x 10 dynes/cm . 
Next, use the interactions labeled 7 and 8 to obtain a value of 
^112" ^ e o r l § l n a l equations are 
- 0 . 1 0 7 c:
 n + 0 . 107 c n n o + 0.1H1 c . , + 0.1H1 c ,r + 0 . 282 c, c r 
111 112 ikk 166 k% 
- O.lhO x 1 0 1 2 = ± 1 .030 x 1 0 1 2 
and 
- 0 . 2 6 3 C ± 1 1 + 0 . 1 3 5 C 1 1 2 + 0 . 3 8 3 C i 6 6 - 0 . 8 5 5 x 1 0 1 2 = ± 1 . 5 9 x 1 0 1 2 
These yield the equalities 
c i i 2 = ^ 1 , i + 0 ± 9 * 6 2 ^ x 1 ( ) 1 2 d y n e s / c m 2 
and 
c i i 2 = ^ 3 * 7 8 ± 1 0 ± 2 d y n e s / c m 2 • 
In this case the - sign is used in each equation and the estimated un-
12 2 
certainty is l.ho x 10 dynes/cm . 
Finally, the interactions labeled 6 and lh are used to obtain 
a value for . One obtains the equations 
6 2 
- 0 . 3 3 6 c 1 1 2 + 0 . 1 5 7 C l 6 6 + 0 . 3 3 6 C - 0 . 5 5 2 x 1 0 1 2 
= ± o.Qki x io 1 2 
and 
0 . 1 9 ^ C 1 1 2 - 0 . 0 9 0 C l 6 6 - 0.19k C 1 2 3 + 0 . 3 1 8 x 1 0 1 2 = ± 0 . 4 6 3 x 1 0 1 2 
which may be solved to give 
ci23 = (~ 2 , 9 0 ± 2 , 5 ° ^ x l o 1 2 d y n e s / c m 2 
and 
C123 = (' 2 . 8 9 ± 2.39) x 10 1 2 dynes/cm 2 
1 2 The + sign is chosen in each case and the uncertainty is I.65 x 1 0 
dyne s/cm 2. 
To sum up, the suggested interactions can be used to measure 
the values of the elastic constants 0 ^ ^ , 0 - ^ 5 C U 5 6 5 C 1 1 2 5 and C 1 2 3 w i t h 
uncertainties which range from about h per cent for up to 3 0 0 per 
cent for C-j^ a n d 2000 per cent for 0^^, where the large relative un­
certainties occur for elastic constants which are small. These uncer­
tainties are based on the assumption that one can measure the quantity 
G with an uncertainty of 5 per cent. One should be cautioned against 
comparing these figures with probable errors calculated from the results 
of experiments since those numbers represent the deviation of measured 
quantities from the mean, whereas the figures given here represent the 
maximum uncertainty in calculated quantities due to an experimental un­
certainty. Hence, the figures given here have a tendency to look much 
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worse than a "probable error" for the experiment might turn out to be. 
3. Concluding Remarks 
The purpose of this chapter was to suggest how one can measure 
the third order elastic constants of cubic crystals by means of ultra­
sonic beam scattering experiments. It was suggested that a value for a 
linear combination of elastic constants could be calculated from the 
results of an experiment measuring the amplitudes of the two scattering 
(input) waves and the scattered wave. 
In the first section of the chapter an expression was derived to 
relate the third order elastic constants to quantities which could be 
measured. This expression. Equation (95)? relates the amplitudes and 
frequencies of the three ultrasonic beams to the geometrical parameters 
of the experiment and a quantity, G, which is a linear combination of 
second and third order elastic constants. Unfortunately, G is not a 
simple function of the scattering propagation directions, but instead 
it depends on all three propagation directions and their polarization 
directions. Furthermore, not every combination of scattering propaga­
tion-polarization directions yields a resonant scattered wave. Thus, 
Equation (95) is not useful by itself. 
The second section of the chapter is devoted to some calculations 
which were done in order to make Equation (95) useful for interpreting 
the results of experiments. First, the problem of finding resonant in­
teractions was discussed and an iteration method for finding resonant 
interactions was described. The method was used to find a large number 
of resonant interactions and from these, some potentially useful inter-
6k 
actions were chosen and tabulated. Finally, a sample calculation was made 
in order to show how one could use the results of the experiment to cal­
culate third order elastic constants. 
One can conclude that it is possible, in theory, to measure the 
third order elastic constants of cubic crystals by means of ultrasonic 
beam scattering experiments. 
TABLE 1. COEFFICIENTS FOR THE EQUATIONS OF MOTION FOR COPPER. VALUES OF THE SECOND ORDER 
CONSTANTS USED HERE ARE: 
Ckk = °-75^ X 1012DYN/CIN2 C 1 2 = 1.21U X 1012DYN/CM2. 
PROPAGATION DIRECTION POLARIZATION DIRECTION 
-12 
11 X 10 
(DYN/CM2) 
V = A + B 
A -12 
B X 10 
(DYN/CM2) 
C 1.000, 0.000* 0.000J [ 1.000* 0.000* 0.000] 1 .684 1 .000CH1 O.OOOC 12 •F 0.000C144 
0.0O0C166 0.000C 23 •F 0.000C456 5. 052 
C 0.976, 0.155, 0.155J [ 0.921, 0.275, 0.275] 1.817 0.7?7CH1 + 0.216C1 12 + 0.O63C144 
0.955C166 0.010C ?3 + 0.O86C456 5. 363 
0.976, 0.155* 0. 1551 [-0.389* 0.651* 0.651 ] 0.646 -0. 053C 1 1 1 •F 0.070C1 12 •F 0.154C144 + 
-0.530C166 -0.023C! ?3 0.400C456 -0. 346 
C 0.90V, 0.295* 0,295J C 0.814* 0.410, 0,410] ?.054 O.409C1 1 1 ••• 0.474C1 12 + 0.404C144 
1.986C166 •F 0.065C 23 •F 0.547C456 6. 053 
[ 0,909, 0,?95* 0.295J [-0.580* 0.576* 0.576J 0,474 -0.13 7C111 •F 0,?22C1 12 -0.O57C144 
-0.LA8CL66 -0.091C1 23 •F 0.253C456 -0. 267 
[ 0.811, 0.413* 0.413J [ 0.729, 0.484, 0.484] ?,24 3 0.2?3CLLL + 0.610C1 12 0 , 863C144 + 
2.460C166 0,142C1 ?3 • 1.157C456 6. 672 
[ 0.811, 0.413* 0.413J [-0.685* 0.515, 0.515] 0.372 -0. 152C111 •F 0. 301C1 12 -0.?79RI44 + 
0.1^5C166 -0.151C1 ?3 •F 0.047R456 -0. 145 
C O.6?R. 0.507, 0.507J [ 0.65** 0.535, 0.535] P.347 0.114C111 0.659C1 12 + 1.210C144 •F 
2.643C166 + 0.201C1 ?3 + 1.616C456 7. 027 
C 0.507* 0.507J [-0.757, 0.46 2* 0 . 462 ] N.358 '0.1P2C111 + 0.295C 12 "0, 342C144 
0.301C166 -0,174C ?3 0.011C456 -0. 064 
C 0.577, 0.577* 0 .577 J [ 0.577* 0.577, 0.577 ] 2. 376 0. 111C111 0.667C 12 1 . 333C144 + 
2.667C166 • 0.222C1 ?3 + 1,778C456 7. 128 
C 0.577, 0.577* 0,577 J [-0.816* 0.408* 0.408] 0. 408 -0.079CH1 0.236C1 1 2 + -0.P36C144 •F 
0,236C166 -0.157C L?3 • 0. 157C456 0. 000 
[ 0,98B, 0,156* 0.000J [ 0.955* 0.297* 0.000] 1 . 756 0.839CH1 • 0,130C1 12 0.000C144 + 
0.5MC166 0,000C1 23 0.OOOC456 5. 212 
C 0,988, 0.156* 0.000 J [-0.297* 0.95B, 0.000] 0.68? -O.O??CIN •F 0.019C1 1 2 0,000C144 
-0.346C166 0.000C1 23 •F 0.O00C456 -0. 294 
0,941, 0,306* 0, 144 J [ 0.860j 0,457, 0.229] 1 .950 
0.941, 0,306» 0.144J r" 0 . 5 0 6 , 0,526, 0.250] 0.520 
0.941, 0.306* 0.144J t " 0 . 0 7 4 j -0,331. 0,941 J 0. 722 
0,859, 0.a37, 0.268J [ 0.770j 0.531. 0.353] 2. 156 
o,85a, 0.437, 0.268J [-0,62*1 0,735, 0,261 ] 0.384 
0.858, 0.43 7, 0.268J [-0.120, -0,422, 0.899] 0.652 
0.75*, 0,547. 0.367J [ 0.69 3, 0,579, 0,429] 2.293 
o.rs*?, 0.547, 0.367 J [-0,696 0,693, 0.190] n. 327 
0.752, 0.547. 0.367J ["0.187, -0,430, 0.883] 0.572 
0.634, 0.634» 0.4443 [ 0.619j 0,619, 0.485] ?.35l 
0,634, 0.634, 0.444J [-0,34 3, -0,343, 0.875J 0,504 
0.951, 0.309* 0.000J [ 0.879, 0,477, 0.000] 1 . 909 
0,951, 0.309> O.OOOJ ["0,477. 0,879, 0.000] 0.529 
0.884, 0,450, 0.126J [ 0,803, 0.568, 0,182] 2.085 
0,884, 0,450, 0.126J [-0,590, O.dOl, 0,103] 0.380 
0.884, 0.450. 0.126J [-0,087, -0.190, 0,97s] n.727 
0.532C111 • 
1.666C166 + 




0. 303CH1 + 
2.360C166 • 
0.1P2C111 • 0. OP1SCI66 



















0,001C11 1 • 
0.099C166 • 
0.391C1 1 2 
0.022C1 23 + 




0.575C1 1 2 • 
0.087C 23 • 
0.191C1 12 









0.668C 12 • 




o.oooci 23 + 
0.067C1 12 + 
O.OOOC 23 
0.566C 12 
0.025C1 23 + 
0. 106C1 1 2 
-0.015C1 ?3 
-0,00&C1 12 > 
0.005C 23 
















































[ 0.78', 0.572, 0.230J [ 0.729, 0.618, 0.294] ?,226 
i 0,787, 0,572* 0.230J [-0. 665' 0.742, 0.088] 0.294 
[ 0,787, 0.572* 0.230J ["0.164* -0.260, 0.9523 0.671 
[ 0,672, 0.672* 0.31 1 J [ 0.657i 0.657* 0.371] 2 . 296 
[ 0,672* 0.672' 0.31 1 J [-0.263* -0.263* 0.928] 0.611 
C 0.891, 0.454* 0.000J [ 0 . 8 1 '\ 0.581 . 0.ono ] ?. 061 
[ 0.891, 0.454* o.oooj [-0.5811 0,bl4* 0.000] 0.377 
[ 0,80b, 0.585* 0.105J [ 0.752* 0.O44, 0.143] ?. 130 
[ 0,80b, 0.585, 0.105J [-0,654 0.756, 0.036] 0.277 
[ 0.805, 0.585' 0.105 J f"0.085' -0.1?0, 0.989] 0.7 35 
[ 0.694, 0.694, 0. 1 rt B J [ O.6861 0.686, 0.242] 2.243 
[ 0.694, 0.694* 0.188 J [-0.171* -0.171, 0.970] 0.696 
[ 0.809, 0.588. O.OOOJ [ 0.759, 0.651» 0.000] 2. 166 
[ 0,809, 0.588* O.OOOJ [-0.651, 0./59, 0. 000 ] 0.272 
[ 0.70b, 0.705* 0,084J [ 0.703. 0.703* 0.113] 2.211 
[ 0.70b, 0.705* 0,084i [-0.080, -0.080, 0,994] 0.74? 
















2 . 7 9 a C 1 6 6 • 
0.059CH1 + 
0.002C166 







2.8 3 0C166 • 
0.058C111 • 
0.013C166 • 












0.686C 12 +• 
0.135C l?3 +• 
-0,067c 12 
0.054C L?3 
0.S68C 1 2 + 
o.oooc ?3 + 
0.085C1 12 +• 
o.oooc 23 +• 
0,693C 1 2 + 
0.021C1 ?3 + 
0 ,064C1 12 
-0.005C ?3 







0.0O0C1 ?3 + 
0.057C1 12 
0.OOOC] ?3 + 




















0 , 1 2 5 c 1 4 4 + 
0.169C*56 



































T a b l e 2 . C o e f f i c i e n t s f o r t h e e q u a t i o n s o f mot ion f o r g o l d . V a l u e s o f t h e second order 
c o n s t a n t s used here a r e : 
Cll = 1.86 x io 1 2 d y n / c m 2 C +]+ - 0.U20 X 1 O"*"2 d y n / c m 2 C12 = 1.57 X 1012 d y n / c m 2 
P r o p a g a t i o n D i r e c t i o n " P P I "1 QT»"T 7flt "1 f~\r~i " H n T» ^  R» + N AY1 
-12 
H X 1 0 
V = a + b 
( d y n / c m 2 ) a 
-12 
b X 10 
( d y n / c m 2 ) [ 1 . 0 0 0 , 0 . 0 0 0 » 0 . 0 0 0 J [ 1,000. 0 . 0 0 0 . 0 . 000 J 1 . 8 6 0 1 .ooocni 
O . 0 0 0 C 1 6 6 
+ 
+ o.oooc 
0 . 0 0 0 c 
1 1 2 
1 2 3 
+ 0 . O 0 0 M 4 4 
0 . 0 0 0 r ( t 5 6 
+ 
5,580 
[ 0 . 9 7 6 , 0 . 1 5 5 . 0 . 1 5 5 J [ 0,958. 
0 , 2 0 3 . 0 . 2 0 3 3 1 . 9 1 8 0 . 8 1 7 C 1 1 1 
0 . 6 9 5 C 1 6 6 
+ 
+ 
0 . 1 7 0 C 
0 . 0 0 6 C 
1 1 2 
1 2 3 
+ 
+ 
6 . 0 3 4 r 1 4 4 
0 . 0 4 5 C 4 5 6 
+ 
5.741 
[ 0 , 9 7 6 , 0 . 1 5 5 * 0 . 1 5 5 J [-0.287. 0 , 6 7 7 . 0 , 6 7 7 ] 0 . 3 7 5 -0 , 0 ? O C H 1 - 0 . 3 7 3 C 1 6 6 • 0 . 0 3 8 C - 0 . 0 1 8 C 112 1?3 + 0 . 2 0 2 C 1 4 4 0 . 4 7 8 C 4 5 6 + - 0 . 0 8 0 
[ 0 . 9 0 V , 0 . ? 9 5 . 0 . 2 9 5 J 
f 0.86R. 
0 , J 5 1 . 0 . 3 5 1 ] 2 . 0 4 0 0.4 9 3 C H 1 
1 .798C166 
0 . 444C 
0 . 0 5 K 
1 1 2 
1 2 3 
0 . 3 0 7 C 1 4 4 
0 . 4 1 1 C 4 5 6 6.097 
c 0 . 9 0 9 , 0 . 2 9 5 * 0 . 2 9 5 J [-0,49 6 , 0 , o l 4 , 0 . 6 1 4 ] n . 288 - 0 . 0 8 0 C 1 U - 0 . 1 3 1 C 1 6 6 • 0 . 1 6 8 C - 0 . 0 8 9 C 112 1 2 3 + + 0 . 0 0 6 C 1 4 4 0 , 3 6 8 C 4 5 6 - 0 , 0 7 6 
[ 0 . 8 1 1 , 0 . 4 1 3 . 0 . 4 1 3 J [ 0 ,771. 
0 , 4 5 1 , 0 . 4 5 1 ] 2 . 1 4 8 0 . 2 5 7 C 1 1 1 
2 . 4 3 4 C 1 6 6 
• 
• 
0 . 6 0 6 C 
0 . 1 3 0 C 
1 1 2 
1 2 3 
+ 
• 
0 . 7 8 3 C 1 4 4 
1 . n 4 6 c 4 5 6 
+ 
6 . 4 3 0 
c 0 . 8 1 1 , 0 . 4 1 3 . 0 . 4 1 3 J [ - 0 , 6 3 7 , 0 , 5 4 5 , 0 . 5 4 5 ] 0 . 2 2 6 - 0 . 1 1 5 C U 1 0 . 2 1 9 C 1 6 6 • 0 . 2 7 2 C - 0 . 1 5 7 C 1 1 2 1 23 - 0 . 2 7 2 C 1 4 4 0 . 0 8 6 C 4 5 6 + - 0 . 0 4 5 
[ 0 . 6 9 f , 0 , 507 . . 0 , 5 0 7i 
[ 0,674, 
0 , 5 2 2 . 0 . 5 2 2 ] 2 . 209 0.14 1C 1 1 1 
2 . 6 4 2 C 1 6 6 
+ 
• 
0 . 6 6 0 C 
0 . 1 9 8 C 
1 1 2 
1 2 3 
+ 1 . 1 8 6 C 1 4 4 
1 . 5 8 2 C 4 5 6 6 . 6 2 5 
[ 0 , 6 9 / S 0,e,07. 0 , 5 0 7 J [-0,738. 0 , 4 7 7 . 0 . 4 7 7 ] 0.212 - 0 . 1 0 8 C H 1 0 . 3 3 6 C 1 6 6 + 0.289c - 0 . l f l O C 1 1 2 1 2 3 -0.358c144 0 . 0 0 5 C 4 5 6 - 0 . 0 2 0 
[ 0 . 5 7 7 , 0 , 5 7 7 . 0 , 5 7 7 J 
[ 0 ,577. 
0 , 5 7 7 , 0 . 5 7 7 ] 2 . 2 2 7 0. 1 1 1 C 1 1 1 




0 , 2 2 2 C 
1 1 2 
1 2 3 
+ 
+ 
1 , 333r, 1 4 4 
1 . 7 7 8 C 4 5 6 
+ 
6 . 6 8 0 
[ 0 . 5 7 f , 0 . 5 7 7 . 0 , 5 7 7 ] [ - 0 , 8 1 6 , 0 , 4 0 8 , 0 , 4 0 8 ] 0 , 2 3 7 -0 , 0 7 9 C 1 1 1 
0 . 2 3 6 C 1 6 6 
+ 0 . 2 3 6 C 
- 0 . 1 5 7 C 
112 
1 2 3 + 
- 0 , ? 3 6 r l 4 4 
0 . 1 5 7 C 4 5 6 
+ 
0 , 0 0 0 
[ 0 . 9 6 8 , 0 . 1 5 6 . 0 , 0 0 0 J 
[ 0,978. 
0 , 2 0 9 , 0 . 0 0 0 ] 1 . 9 9 1 0 . 9 0 1 C 1 1 1 0 . 3 8 R C 1 6 6 0 . 0 9 5 C O.OOOC 1 1 2 1 2 3 + + 0 . 0 0 0 C 1 4 4 0 . O 0 O C 4 5 6 + 5.664 
[ 0 . 9 8 0 , 0 . J 5 6 . 0 , 0 0 0 J [-0,209. 0 . V 7 8 , 0 . 0 0 0 ] 0 , 389 - 0 . 0 0 5 C H 1 - 0 . 1 4 1 C 1 6 6 • 0 . 0 0 5 C 0.oooc 1 1 2 1 2 3 + + 0 . 0 0 0 C 1 4 4 O . O O 0 C 4 5 6 • - 0 . 0 6 3 
C 0.941, 0.306. 0.144J [ 0.909, 0.375, 0.151] 1.985 
C 0.941, 0.306, 0. 144J F0.411, 0.TI7B, 0.244 ] 0.311 
[ 0,941, 0.306. 0.144J [ -0.068,-0.296, 0.953] 0,403 
[ 0.858, 0.437. 0.268J [ 0.817, 0.486, 0.309] 9.099 
[ 0.858, 0. F L37, 0.268J [ "0 . 565, 0. 782, 0. 264] N.?3>J 
[ 0,85B, 0.437, 0.268J [ " 0.IN»-0.390, 0.914J 0.367 
[ 0.752, 0,547, 0. 3 6 M [ 0.722, 0.565, 0. 398 ] ?. 1 7 9 
C 0.752, 0.547* 0.367J [ "0.668, 0.719, 0.192] 0.196 
[ 0.752, 0.547. 0.367J ["0.178,-0.405, 0.897] 0.325 
C 0.634, 0.634' 0.444J [ 0,626. 0.6?6, 0.465] 2.212 
C 0,634, 0.634, 0.444J ["0.329.-0.329, 0.885] 0.288 
[ 0,951, 0.309. O.OOOJ [ 0.92}. 0.384, 0.000] 1.965 
C 0,951, 0.309, O.OOOJ [ - 0.384. 0.923, 0.000] 0.315 
[ 0.884, 0.450. 0.126J [ N.847, 0.510, 0.152] 2.062 
C 0.884, 0.450, 0. 126 J [ " 0 . 526, 0.844, 0. 101 3 0.232 
[ 0,884, 0.450, 0. 126J F"0.077,-0. I 65, 0.983 ] 0.407 
0.6?8CH1 + 0.346C1 12 + 0 093C144 
1 . 404C166 + 0.015C1 23 + 0 125C456 5.935 
-0.038C111 + 0.060C1 12 + 0 028C144 
"0.168 C166 -0.022C1 123 0 144C456 -0.077 
0 . 002C 11 1 -0.006C1 12 -0 189C144 + 
0.141C166 0.005C1 ?3 -0 396C456 -0.021 
0. 356CH1 + 0.562C1 12 + 0 447C144 + 
2.262C166 + 0.074C1 ?3 + 0, 598C456 6.279 
" 0 . 0 7 a C 1 1 1 + 0.\44C1 12 -O, 109C144 + 
O.046C166 -0.070C1 23 + 0 062C456 -0.051 
0 , 009C111 -0.033C1 12 -0 ?08C144 + 
0. 152C166 0.024C1 ?3 + -0 514R456 -0.026 
0. 193C111 + 0.656C 12 + 0 887C144 + 
2.629C166 0. 147C1 23 + 1 183C456 6.529 
-0.066C111 + 0.149C 12 -0 187C144 + 
(>#- I FJ 6 C 1 D 6 -0 . OFT 1 - 0 - C . 0 2 3 
0.023C111 -0.081C1 12 -0 134C144 + 
0.084C166 + 0.059C1 23 + -0 502C456 -0.025 
0.134C 11 1 + 0.671C 12 + 1 170C144 + 
2.684C166 0.195C 23 + 1 561C456 6.636 
O. 043CH 1 "0.145C1 12 -0 010C144 + 
-0.0?6CL66 + 0. 102C1 .23 -0 430C456 -0.020 
0.679C111 + 0. 31 1C1 12 0 000C144 + 
1 .264C166 + O.OOOC 23 + 0 000C456 5.878 
-0,0?5CHL + 0.0?5C1 12 + 0 000C144 
-0.138C166 + O.OOOC 23 + 0 O00C456 -0.075 
0.431C111 + 0 . 5 4 0 C 1 12 + 0 1 19C144 + 
2.178C166 0.020C 123 + 0 1 59C456 6. 168 
"0. 046C 1 1 1 + 0.059C 12 -0 022C144 + 
-0.040C166 -0.014C1 ?3 + O, 011C456 -0.050 
0.001C1 11 -0.005C1 12 -0 189C144 + 
0.137C166 + 0.004C1 23 -0 393C456 -0.022 
[ 0,787, 
0.572* 0.230J [ 0.758, 0,598, 0,261 ] 2.143 
C 0,787, 0.572* 0.230J [-0.635* 0.767* 0,088] 0 , 180 
[ 0,787, 0.572. 0.230J [-0.147, -0.232, 0,961] 0.378 
C 0,672, 0.672* 0.311 J [ 0.665, 0.665, 0,340] 2. 182 
[ 0,672, 0.672* 0.31 1 J [-0.241, -0.241* 0,9403 0.346 
C 0.891, 0.454, 0.000J [ 0.856, 0.517, 0.0003 ?.049 
[ 0,891, 0.454* 0.000J [-0.517* 0.856, 0.000] 0.231 
[ 0.805, 0,585* 0. 105J [ 0.778, 0.616, 0.1223 2. 119 
[ 0,805, 0.585* 0.105J [-0,621* 0. 7B1* 0,036] 0. 170 
C 0.805, 0.585* 0.105J [-0,074, -0,104, 0.992] 0.411 
[ 0.694, 0.694* 0.188J [ 0.691, 0,691, 0,213] 2, 155 
[ 0,694, 0.694. 0.188J [-0.151, -0,151, 0.977] 0 , 391 
t 0,809, 0.588* 0.000] [ 0.784, 0,621* 0,0003 2,112 
[ 0,809, 0.588* 0.000] [-0.621, 0,784* 0.000] 0,168 
C 0,705, 0.705* 0.084J [ 0.704, 0,704* 0,097] 2.139 
C 0.705, 0.705* 0.084J [-0.069, -0,069, 0.995] 0.414 
C 0,707, 0. 707* 0.000J r 0.707' 0,707* 0.000] 2. 135 
0.253C11 1 0.670C1 12 0 441C144 2.686C166 + 
0.073C1 
23 0, 589C456 6.420 O.040CHI + 0.067C1 12 -0 ,066C144 
0.052C166 -0.027C 
23 
-0 025C456 -0.022 




12 + 0 761C144 2 770 66 + 
0.127C 





+ 0.046  23 
-0 603C456 -0.033 
0.457C111 
+ 
0.536C1 12 + 0 OOOC144 + 2 1 8  166 0.000C1 23 + 0 000C456 6.132 
0.039C111 
+ 




23 + 0 000C456 -0.050 
0.292C1H 0.687C1 
12 + 0, 105C144 + 2 755C166
0.017C1 
?3 + 0 140C456 6. 351 
0.031C111 
+ 
0.036C1 12 -0 013C144 
0.003C166 "•0.005C1 
23 









+ 0, 334C144 2 892 66 + 
0.055C1 
23 + 0 446C456 6.462 
0.004C111 -0.016C1 





-0 531r456 -0.030 
0.304C111 0.694C 12 
+ 0 OOOr144 + 2 780 66 0.000C1 23 + 0 . 0 C456 6.331 
0,0?9C1 1 1 
+ 
0.029C1 
12 0 ,000c144 
0.009C166 




12 + 0 072C144 + 2 976 66 + 
0.012C 
123 0 .097C456 6.417 
o.oooci11 
-0.002C 112 -0 , 138C144 + 
0. 100C166 




+ 0 000C144 + 3 OOO 66 + 
0.O00C1 
23 + 0 000C456 6.405 
TABLE 3 . COEFFICIENTS FOR THE EQUATIONS OF MOTION FOR GERMANIUM. VALUES OF THE SECOND ORDER 
CONSTANTS USED HERE ARE: 
C = 1.289 X 10 1 2 DYN/CM2 C. . = O.67I X 10 1 2 DYN/CM2 C = O.U83 X 10 1 2 DYN/CM2. 
PROPAGATION DIRECTION POLARIZATION DIRECTION 
-12 
N X 10 V = £ 1 + B 
(DYN/CM2) A -12 
B X 10 
(DYN/CM2) 
1 .000. O.OOO. 0.000 J [ 1.000, 0.000, 0.000 J 1 .289 1 .00OC1 1 1 + 0.O0OC1 12 + O.OOOF144 + 
O.0O0C166 + 0, 000C1 ?3 0.000R456 3.867 
0,976, 0.155, 0.155J [ 0.933, 0.^54, 0. 254 J 1 .354 0. 756C 1 1 1 0 , ? 0 4 C 1 1 2 + 0.053C144 + 
0.876C166 + 0.008C 23 + 0.072C456 4.019 
0.976, 0.155. 0.155 J R" 0 , 3 5 9 . 0 . <> 6 0 , 0.6603 0.619 - 0 . 0 iv 1 C 1 1 1 0.05VC1 12 0.168C144 
-O.490C166 -0.022C 23 0.424C456 -0.271 
0.90V, 0.?95, 0.295J R 0.830, 0.395, 0. 395 3 1.476 0.43?C111 0 . 4 6 8 C 1 12 + 0.378C144 
1 .941C166 + 0.061C1 ?3 0.510C456 4.370 
0.90V, 0.?95« 0 . 2 9 5 J [-0,558, 0.B87, 0.587J 0.531 -0.190C111 + 0.?07C1 1 2 -0.O42C144 + 
-0,147C166 -0.091C ?3 0.?82C456 -0.256 
0.811, 0.413. 0 , 4 1 3 J [ 0,740, 0.476, 0.4 76 J 1 .576 0 . 2 3 1 C 1 1 1 0.610C1 12 + 0.843C144 + 
?,471C166 + 0.139C1 ?3 1.130C456 4 .696 
0.811, 0.413. 0.413J R"0.67 3, 0.523, 0.523] 0.476 -0. 14?C1 11 0. 294C1 1 2 -0,?79R.L44 
0.200C166 -0,153C ?3 0.056C456 -0.162 
0,697, 0.507, 0.507J [ 0.659, 0.532, 0.532] 1 .631 0, 13AC111 + 0.659C 12 + 1 . ? 0 5 C 1 4 4 + 
2.643C166 + 0. ?00C 23 + 1 .608C456 4.885 
0.697, 0.507. 0.507 J [-0.753' 0.466* 0.466] 0,467 -0.HBC111 + 0. 294C1 1 2 -0.346C144 + 
0. 310C166 -0.175C ?3 + 0.009C456 -0.074 
0,577, 0.577. 0 , 5 7 7 J [ 0.57 7. 0.577' 0.577J 1 . 646 0. 1 1 1 CL 1 1 0.667C 12 + 1.333C144 
2.667C166 + 0.222C L?3 + 1.778C456 4.939 
0,577, 0.577. 0,577J [-0.816, 0.408, 0 . 408 J 0 ,49? -0.079C11 I 0.236C1 12 -0,?36C144 + 
0 . 2 3 6 C 1 6 6 -0.157C1 23 0.157C456 0.000 
0,988, 0.156* O.OOOJ [ 0.963' 0.269, 0.000 ] 1 . 324 0.861CH1 + 0.119C 12 + 0.000C144 
0.517C166 + O.OOOC ?3 + 0. O00C456 3.945 
0,988, 0.156, O.OOOJ [-0.269, 0,963, 0.000] O ,636 -0.015CH1 + 0.014C1 12 + 0 , 000C144 + 
-0.286C166 0. OOOC ?3 + 0.000C456 -0.220 
[ 0.941, 0. 306, 0.144J [ 0.874. 0.435, 0.2)5] 1.422 
[ 0.941, 0, 306, 0.144) [-0.400, 0.841 , 0 .250 ] 0.555 
t 0. 941 , 0. 306 . 0. 144 J [-0. 073,-0. 321, 0. 944 ] ^.654 
t 0.858, 0.437, 0.268J [ 0.783. 0.520, 0.341] 1.530 
[ 0,858, 0.437, 0.268J ['0.611. 0,f47, 0.2*2] 0.482 
[ 0,858, 0.437, 0.268J [-0.119,-0.413, 0.9031 0.619 
[ 0.752, 0,547» 0.367J r 0.701, 0.576. 0,421] 1.603 
[ 0,752, 0,547. 0.367J ["0.68?. 0,699. 0,190) 0,451 
[ 0,752, 0,547. 0,367) [-0,185.-0,423. 0,887] 0,577 
C 0,634, 0,634» 0.444J [ 0.620. 0.620. 0,480) 1,633 
[ 0,634, 0,634. 0,444) [-0,339»-0,j39. 0,877] 0,542 
t 0,951, 0, 309. 0.000) [ 0.893 , 0..451 , 0.000 ) 1 .401 
C 0,951, 0.309. O.OOOJ ["0.451, U.b93, 0.000) 0.559 
C 0,884, 0.450, 0.126J [ 0.815. 0.553, 0.174] 1.493 
[ 0,884, 0.450, 0.126J ["0.574. 0.ai3. 0,102) 0,480 
C 0,884, 0,450. 0,126) ["0,084,-0,183, 0,979] 0,657 
O . 5 6 0 C H 1 + 0.381C1 12 + 0 126C144 + 1 . 597C166 + 0.020C1 23 + 0 171C456 4.210 
-0.075C1 1 1 + 0.096C1 1 2 + o. 0 1 3 C 1 4 4 + 
"0. 242C 166 -0.025C 23 + 0 127C456 -0 . 2 6 3 0.OOlCl11 -0.007C1 12 -o. 196C144 + 
o.111C166 + 0 . 0 0 5 C 1 23 - 0 , 4 l 5 r 4 5 6 - 0 . 0 6 0 0 . 3 1 6 C 1 1 1 + 0.573C1 12 + 0 51 l r 1 4 4 + 2.338C166 + 0.084C 23 + 0 6 8 6 r 4 5 6 4.549 
"0.109C111 + 0. 1 79c1 1 2 -0 122C144 + 0.030C166 -0.072C 23 + 0 0 4 3 C 4 5 6 - 0 . 1 8 4 0.007C1 1 1 -0.034C 12 -0 ?04cI 44 + 
0 . 1 0 6 C 1 6 6 + 0.027C 23 -0 5 1 6 C 4 5 6 - 0 . 0 7 6 0. 1*2C111 + 0.655C 1 2 + 0 9 2 9 C 1 4 4 + 2.634C166 + 0. 154C 23 + 1 2 4 3 C 4 5 6 4.793 
" 0 . 0 8 3 C 1 1 1 + 0.166C 12 -0 184C144 + 0. 151C166 -0.083C 23 -0 0 3 6 C 4 5 6 - 0 . 0 9 0 0.0?OClll -0.083C 1 2 -0 123c144 + 0.0^6Cl66 + 0.063C 23 -0 4 9 7 C 4 5 6 - 0 . 0 7 7 0 . 1 3 1 C H 1 + 0.669c 12 + 1 t 87c144 + 2 . 6 7 9 C 1 6 6 + 0.198c L23 + 1 .584C456 4.896 0.039C111 -0.147C1 1 2 + 0 004c144 + 
" 0 . 0 6 6 C 1 6 6 + 0.108C1 ?3 
-0 4 2 3 C 4 5 6 - 0 . 0 6 5 0.614CH 1 + 0.351C1 1 2 + 0 0 0 0 r 1 4 4 + 1 . 472C166 + 0.oooc 23 + o, 0 0 0 C 4 5 6 4. 154 
" O . 0 5 8 C 1 1 1 0.054C1 12 + 0 0 0 0 C 1 4 4 + 
- 0 . 2 3 1 C 1 6 6 + O.OOOC 23 + 0 O O 0 C 4 5 6 - 0 . 2 5 6 0 . 3 8 9 C H 1 0.561C 12 + 0 145c 144 + 2.295C166 •»• 0.024C 23 + 0 195C456 4.440 
-0.081C111 •»• 0.094C 1 2 -0 025C144 + 
- 0 . 0 h 5 C 1 6 6 -0.014C L23 + 0 0 0 7 C 4 5 6 -0.185 0.001C11 1 -0.006C1 12 -0 2 0 5 r i 4 4 + 0. 11OC166 + 0.005C1 [23 -0 4 2 9 C 4 5 6 - 0 . 0 6 6 
0 . 7 8 7 , 
0 . 7 8 7 , 
0 . 7 8 7 , 
0 . 6 7 2 , 
0 . 6 7 2 , 
0 . 8 9 1 , 
0 . 8 9 1 , 
0 . 8 0 5 , 
0 , 8 0 5 , 
0 . 8 0 5 , 
0 , 6 9 a , 
o . 6 9 a , 
0 . 8 0 9 , 
0 . 8 0 9 , 
0 , 7 0 5 , 
0 . 7 0 5 , 
















0 . 705 
0.707 
0 . 2 3 0 J 
0 . 2 3 0 J 
0 . 2 3 0 J 
0 . 3 1 1 J 
0 . 3 1 1 J 
O . O O O J 
O . O O O J 
0 . 1 0 5 J 
0 . 1 0 5 J 
0.105 J 
0 . 1 8 8 J 
0 . 1 8 8 J 
O . O O O J 
O.OOOJ 
o.08a J 
0 . 0 8 a J 
O.OOOJ 
0 . 7 3 6 
- 0 . 6 5 7 
- 0 . 1 5 9 
0 . 6 5 9 
- 0 . 2 5 7 
0 . 8 2 5 
- 0 . 5 6 5 
0 , 7 5 9 
-o , 6a6 
- 0 . 0 8 ? 
0 . 6 8 7 
- 0 , 1 6 6 
0 , 7 6 5 
- 0 . 6 4 ' ! 
0 . 7 0 ^ 
- 0 , 0 77 
0 . 7 0 7 
0 . 6 1 3 
0 . 7 4 8 
0 . 2 5 3 
0 . 6 5 9 
0 . ? 5 7 
0 . 5 6 5 
0 . t J ? 5 
0 . 6 3 7 
0 . 7 6 ? 
0 . 1 1 6 
0 . 6 8 7 
0 . 1 6 6 
0 . 644 
0 . 7 6 5 
0 . 7 0 3 
0 . 0 7 7 
0 . 7 0 7 
0 . 2 8 5 J 
0 . 0 8 8 ] 
0 . 9 5 4 ] 
0 . 3 6 3 J 
0 . 9 3 9 ] 
0 . 000 ] 
O . O O O J 
0 . 1 3 7 J 
0 . 0 3 6 ] 
0 . 9 9 0 J 
0 . 2 34 ] 
0 . 9 7 2 J 
0 . 000 J 
0 . 0 0 0 ] 
0 . 1 0 8 3 
0 . 9 9 4 ] 


















0.238C1 1 1 +• 0.670c 
2.699C166 + 0,080C 
- 0 . 060C 1 1 1 + 0.087C 
0 . 0 4 4 C 1 6 6 
-0.027C 
0. 006C 1 1 1 - 0 . 0 30c 
n.1?9C166 0.024C 
0.175CH1 + 0.687c ?.755C166 133C 
0.014C111 -0 . 066C 
0.0H*C166 + 0.052C 
0.415C111 0.561C 
?.29?C166 + O.OOOC 
-0.075C111 +• 0 . 0 7 3 C 
-0.088C166 + 
o.oooc 0 . 279C 1 1 1 + 0.693C 
? . 7 fl 6 C 1 6 6 +• 0.020C 
-0.052C 1 1 1 + 0.057C 
-0.001C166 -0.005C 
0.001c 1 1 1 
-0.003C 
0.007C166 0.003C 
0.218CH1 +• 0.719C 
2 . 8 7 H C 1 6 6 +• 0.060C 
O.003C111 -0.018C 
0 . 13?C 166 +• 0.015C 
0.29?C 1 1 1 + 0.701C 
P.819C166 +• 
o.oooc 
-0.050C1 1 1 + 0.050C 
-0.012C166 + o.oooc 0.2 43C111 +• 0.7a3C 
2.972C166 + 0.013C 
O.OOOCl11 - 0 . 0 0 2 c 
O . 0 S 1 C 1 6 6 +• 0 . 0 0 1 c 
O . 2 S 0 C 1 1 1 + 0 . 7 S 0 C 
3.000C166 + o.oooc 
1 2 +• 0 
4 8 5 c 1 a a +• ? 3 +• 0, 6 5 0 C 4 5 6 4 . 6 8 6 
1 2 
-o, 0 6 5 C 1 4 4 +• 23 0 0 2 3 C 4 5 6 - 0 . 0 9 0 
1 2 
-o, ? 5 6 C 1 4 4 +• ? 3 0 6 0 7 C 4 5 6 - 0 . 0 9 6 
1 2 + 0 800c 1 44 +• ? 3 +• 1 0 7 C 4 5 6 4 . 8 0 6 
1 2 - 0 9 0 6 c 1 4 4 +• 
? 3 - 0 6 1 9 C 4 5 6 - 0 . 1 0 0 
1 2 +• 0 6 0 0 c 1 4 a +• 
? 3 0 0 0 0 C 4 5 6 4 . 4 0 6 
1 2 +• 0 O O O C l 4 4 + 
23 +• 0 0 0 0 C 4 5 6 - 0 . 1 8 4 
1 2 + 0 1 2 0 C 1 4 4 + 
? 3 +• 0 1 6 1 C 4 5 6 4 . 6 1 9 
1 2 - 0 0 1 3 C 1 4 4 +• 
? 3 -0 0 0 6 C 4 5 6 - 0 . 0 9 0 
1 2 - 0 1 6 3 r 1 4 4 + 
? 3 - 0 3 7 8 C 4 5 6 - 0 . 0 5 9 
1 2 • 0 3 6 5 C 1 4 4 + 
? 3 +• 0 4 8 9 C 4 5 6 4 . 7 2 6 
1 2 - 0 9 5 7 c 1 4 4 +• 
? 3 -0 5 7 3 C 4 5 6 - 0 . 0 9 1 
1 2 + 0 0 0 0 c 1 4 4 + 
23 0 OOOr.456 4 . 5 9 9 
1 2 + 0 O O O C 1 4 4 + 
? 3 + 0 O 0 0 C 4 5 6 - 0 . 0 9 0 
1 2 + 0 0 8 1 C 1 4 4 + 
? 3 +• 0 1 0 9 C 4 5 6 4 . 6 8 2 
1 2 - 0 1 5 3 C 1 4 4 +• 
93 -0 3 1 2 C 4 5 6 - 0 . 0 4 9 
1 2 + 0 O O O C 1 4 4 + 
? 3 0 O 0 0 C 4 5 6 4 . 6 7 1 
T A B L E k . C O E F F I C I E N T S FOR THE E Q U A T I O N S OF M O T I O N FOR S I L I C O N . V A L U E S OF THE S E C O N D O R D E R 
C O N S T A N T S U S E D H E R E A R E : 
C L L = 1 , 6 5 7 X L O 1 2 D W C M 2 = 0. 7 9 6 X 1 0 1 2 D Y N / C M 2 C = O . 6 3 9 X 1 0 1 2 D Y N / C M 2 . 
P R O P A G A T I O N D I R E C T I O N P O L A R I Z A T I O N D I R E C T I O N 
-12 
H X 1 0 
( D Y N / C M 2 ) 
V = A + b 
A - 1 2 
b X 1 0 
( D Y N / C M 2 ) 
1 . 0 0 0 , 0.noo» 0 . 0 0 0 J [ 1 . 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ] 1 , 6 5 7 1.oooc 1 1 1 + 0.OOOC1 1 2 + 0 , 0 0 0 C 1 4 4 + 
0 . 0 0 0 C 1 6 6 + 0 . 0 0 0 C 123 + 0 . 0 0 0 C 4 5 6 4 , 9 7 1 
0 . 9 7 6 , 0 . 1 5 5 , 0 . 1 5 5 J [ 0 . 9 4 4 , 0 , ^ 3 4 , 0,234] 1 , 7 2 3 0 . 7 8 K H 1 + 0.192C1 1 2 + 0 . 0 4 5 C 1 4 4 + 
0 . 8 0 5 C 1 6 6 + 0.007C1 2 3 + 0 . 0 6 1 C 4 5 6 5 . 1 3 4 
0 , 9 7 6 , 0 . 1 5 5 * 0 . 1 5 5 J [-0,331, 0,667, 0 , 6 6 7 ] 0 , 7 4 3 - O . 0 3 2 C 1 1 1 + 0 . 0 5 1 C 1 1 2 + 0 . 1 8 1 C 1 4 4 + 
- 0 , 4 4 9 C 1 6 6 -0.021C1 2 3 + 0 , 4 4 5 C 4 5 6 - 0 , 2 6 1 
0 , 9 0 9 , 0 . 2 9 5 . 0 . 2 9 5 J [ 0 , 8 4 4 , 0 , 3 7 9 , 0 , 3 7 9 ] 1 . 8 5 3 0 . 4 5 4 C 1 1 1 + 0.461C1 1 2 + 0 . 3 5 2 M 4 4 + 
1 . 8 9 3 C 1 6 6 + 0.058C1 2 3 + 0 , 4 7 4 R 4 5 6 5 . 5 0 8 
0 . 9 0 9 , 0 . ? 9 5 » 0.2953 [ - 0 , 5 3 6 . 0,597, 0 , 597 3 0 . 6 5 0 - 0 , 1 0 5 C 1 1 1 + 0 . 1 9 3 C 12 - 0 . 0 2 6 T 1 4 4 + 
- 0 , 1 4 4 C 1 6 6 
- 0 . 0 9 1 C 1 2 3 + 0 . 3 1 2 C 4 5 6 - 0 , 2 6 3 
0 . 8 1 1 , 0 . 4 1 3 * 0 . 4 1 3 J [ 0.751., 0,467, 0,467] 1 . 9 6 2 0 , 240C111 + 0 . 6 0 9 C 1 1 2 + 0 . 8 2 3 C 1 4 4 + 
2 . 4 6 0 C 1 6 6 + 0 . 1 3 6 C 2 3 + 1. 1 0 1 C 4 5 6 5 . 8 5 7 
0 , 8 1 1 , 0 . 4 1 3 * 0 . 4 1 3 J [ - 0 . 6 6 1 , 0 , 5 3 1 * 0 , 5 3 1 ] 0 , 5 8 9 - 0 . 1 3 3 C 1 1 1 + 0 . 2 8 7 C [ 1 2 - 0 . ? 7 7 D 4 4 + 
0 , 2 0 6 C 1 6 6 
- 0 . 1 5 5 C 2 3 + 0 , 0 6 5 C 4 5 6 - 0 . 1 7 2 
0 . 6 9 7 , 0 . 5 0 7 , 0 , 5 0 7 J [ 0,664, 0 , 5 2 9 , 0 , 5 2 9 ] 2 . 0 2 2 0 , 1 3 8 C 1 1 1 + 0 , 6 6 0 C 1 1 2 + 1 . 1 9 8 C 1 4 4 + 
2, 6 4 3C 1 6 6 + 0 . 1 9 9 C 2 3 + 1 . S 9 9 C 4 5 6 6 . 0 6 1 
0 . 6 9 7 , 0 , 5 0 7 , 0 . 5 Q 7 J [ - N . 7 4 \, 0 , 4 7 0 , 0 . 4 7 0 ] 0.57FT - 0 . 1 1 5 C 1 1 1 + 0.292C1 1 2 - 0 . 3 5 0 C 1 4 4 + 
0 . 3 1 9 C 1 6 6 - 0 . 1 7 7 C [ 2 3 + 0 , 0 0 8 C 4 5 6 - 0 . 0 7 9 
0 . 5 7 7 , 0 . 5 7 7 . 0 . 5 7 7 J [ 0,577, 0 , 5 7 7 , 0 , 5 7 7 ] ? . 0 4 0 0 . 1 1 1 C H 1 + 0 . 6 6 7 C 1 2 + 1 , 333c144 + 
2 . 6 6 7 C 1 6 6 + 0.222C [ 2 3 + 1 , 7 7 8 C 4 5 6 6 . 1 1 9 
0 , 5 7 7 , 0 . 5 7 7 * 0 . 5 7 7 J r " 0 . 8 1 6 * 0,403, 0 . 4 0 8 ] 0 , 6 0 5 " 0 . 0 7 9 C 1 1 1 + 0 . 2 3 6 C 1 2 - 0 , ? 3 6 C 1 4 4 + 
0 , 2 3 6 C 1 6 6 -0.157C l?3 + 0 . 1 5 7 C 4 5 6 0 . 0 0 0 
0 , 9 8 8 , 0 . 1 5 6 * 0 . 0 0 0 J [ 0 . 9 6 9 , 0,246, 0 , 0 0 0 ] 1 . 6 9 2 0 , 8 7 8 C 1 1 1 + 0 . 1 1 0 C 1 2 + 0 . 0 0 0 C 1 4 4 + 
T, 4 6 4 C 1 6 6 + 0.000C 2 3 + 0.000r 4 5 6 5 . 0 5 5 
0 , 9 8 8 , 0.156. 0 . 0 0 0 J [-0,246, 0,969, 0 , 0 0 0 J 0 . 7 6 1 - O . O L L C L L L + o.oioci 1 2 + 0.000rl44 + 
- 0 . 2 3 0 C 1 6 6 + 0 , 0 0 0 C 123 + 0 , 0 0 0 C 4 5 6 - 0 . 2 0 8 
[ 0.941, 0.306. 0.144J [ 0.888, 0.413. 0.203] 1,795 
[ 0,941» 0, 306» 0.14 4 J [•0,455* 0.555* 0.?48] 0.675 
C 0.941, O.3O6* 0.144J [-0 . 071.-0 . 3 1 2. 0 . 947 ] 0.778 
[ 0.858, 0.437* 0.268J [ 0.795, 0.509, 0.330] 1.912 
[ 0.858, 0.437, 0.268J ["0,595, 0,760, 0,263] 0,597 
[ 0.858, 0.437* 0.268] ["0,117.-0.405, 0.907] 0.740 
C 0,752, 0.547. 0.367J [ 0,708, 0.572, 0.413] 1,992 
C 0,752, 0,547. 0.367J ["0.68?. 0.706, 0.19U 0.561 
C 0,752, 0,547. 0.367J ["0.182,-0.417, 0.890] 0.696 
C 0.634, 0.634* 0.444J [ 0.62?* 0.622. 0,475] 5,025 
C 0,634, 0,634. 0.444J ["0,336.-0,336. 0,880] 0,658 
[ 0,951, 0,309. O.OOOJ [ 0.905. 0,426, 0,000] 1,773 
C 0,951, 0,309. O.OOOJ [-0.426* 0,905. 0.000] 0,680 
[ 0,884, 0,450. 0.126J [ 0.826. 0,538, 0,166] 1,873 
[ 0,884, 0,450, 0,126] ["0,557, 0,824, 0,102] 0,595 
C 0,884, 0, 450. 0. 1 26J [ "0 . 0 8 •? . " 0 . 1 7 7 . 0. 981 J 0,782 
0.585CH1 + 0.3 70c1 1 2 + 0, 11 4ri44 + 
1 .528C166 + 0.018C 123 + 0 153C456 5. 338 
0.060C 1 1 1 + 0.082C 1 2 + 0, 019C144 + 
0,219C166 "0 , 024C 123 + 0 134C456 -0.264 
0.001 Cl 1 1 "0.007C1 1 2 -0 194C144 + 
0.1P2C166 + 0.005C 123 -0 408C456 -0,060 
0.330C 1 1 1 + 0.570C1 12 + 0, 488C144 + 
2.314C166 0.080C1 23 0 655C456 5.699 
0.096C1 1 1 + 0.167c 112 -0 118 C144 
0 . 0 3 4 C 1 6 6 -0.072C 23 + 0 050C456 -0.194 
0.008C1 11 -0.O34C 12 -0 206c144 + 
0.132C166 0.026C1 ?3 -o, 515C456 -0.077 
0.186C1 1 1 0.656C1 1 2 o, 915C144 
2,633C166 0.152C1 23 1 222C456 5.961 
O . 077CH1 0.160C1 1 2 •o, 185C144 + 
0.156C166 -0.083C 23 -0 037C456 -0.096 
0.021C1 1 1 -0.082C 1 2 •o, 127C144 
0.053C166 + 0.061C1 23 -o, 499r456 -0.079 
0.132C111 0.670C 12 + 1, 181C144 + 
P.681C166 0.197C 123 + 1 576C456 6.072 
0.041C111 -0.147C1 1 2 -0 001C144 + 
0,052C166 + 0.106C 23 -0 426C45& -0.067 
0. 639C1 1 1 + 0.337C 1 2 + 0 000c144 
1.396C166 o.oooc 23 0 000C456 5.278 
0.045C111 0.O43C 1 2 + 0 OOOC144 
0.200C166 o.oooc [23 + 0 000C456 -0,256 
0. 404C11 1 + 0.555C1 12 + o, 135r144 
2.2S6C166 + 0.022C1 23 + 0 182C456 5.583 
0. 068C 1 1 1 + 0.081C1 1 2 -o, 024C144 + 
0.058C166 -0.014C 23 0 009C456 "0.193 
0.001C111 -0.005C1 1 2 -o, 199C144 + 
0.120C166 0.004C 23 •o, 416C456 -0.065 
0 . 7 8 7 , 0 . 5 7 2 , 0 . 2 3 0 ] [ 0 . 744 , 0.608, 0.276] 1 .954 
0 . 7 8 7 , 0 . 5 7 2 . 0.230J [-0.650, 0.755, 0.088] 0.544 
0 . 7 8 7 , 0 . 5 7 ? . 0.230J [-0.I55i - 0 . 2 4 5 * 0.957] 0.751 
0.672 , 0 . 6 7 2 . 0.311 J [ 0,661, 0 . 6 6 1 , 0.355] 1 .994 
0. 6 7 2 , 0.672* 0.31 1 J [-0.251 » - 0 . 2 5 1 * 0.9353 0.718 
0.891, 0 . 454. O.OOOJ [ 0 . 8 3 7 j 0.548, 0.000 ] 1 . 860 
0.891, 0 . 4 5 4 , O.OOOJ [-0.548 0 . 8 3 7 , 0.000 ] 0.593 
0.805, 0 . 5 8 5 . 0.105J [ 0.766 0 . 0 3 0 , 0.132J 1 .929 
0.805, 0.585* o . 1 0 5 ] [-0.638, 0.769, 0.036] 0.534 
0.805, 0.585* 0.105J [-0.079, - 0 . U 2 , 0.991 ] 0. 786 
0 . 6 9 4 , 0.694* 0. 188J [ 0.689, 0.689, 0.2271 1 .965 
0 . 6 9 4 , 0.694* 0.188J [-0. 160, - 0 . 1 6 0 , 0 .974] 0.765 
0.809, 0.586* O.OOOJ [ 0.7 7?, 0.636, 0 . 0 0 0 ] 1 .922 
0.809, 0 . 5 8 8 , O.OOOJ [-0.636, 0 . 7 7 2 , 0.000 ] 0.531 
0.705, 0.705, 0.084J [ 0.703, 0 . 7 0 3 , 0.104] 1 .948 
0.705, 0.705* 0 . 0 8 4 J [-0,07a, - 0 . 0 7 4 , 0 .995] 0 . 789 
0.7 0 7 , 0.707* O.OOOJ [ 0.707, 0 . 7 0 7 , 0 . 0 0 0 ] 1 .944 
0. 244C11 1 •f 0.671C1 12 0, 4 6 9 c 1 4 4 + 2 . 6 9 6 C 1 6 6 • 0.078C1 ?3 + 0, 6 2 8 C 4 5 6 5.848 
-n. 053C111 • 0.080C1 12 -o, 0 6 6 C 1 4 4 + O . 0 4 7 C 1 6 6 -0.027C1 ?3 -o, 0 2 4 C 4 5 6 - 0 . 0 9 7 
0.006C111 -0.0?9C1 12 -o, ? 5 3 C 1 4 4 + 0. 1 46C166 •f 0.023C1 ?3 -o, 5 9 6 C 4 5 6 -0,096 0 . 1 7 7 C H 1 •f 0.689C1 12 • 0, 7 8 7 c l 4 4 •f 
? . 7 61 C 1 6 6 •f 0.131C1 ?3 + 1, 0 5 1 C 4 5 6 5.976 
0.015CH 1 -0.065C1 12 -0 ? 0 7 c l 4 4 •f 0. 106C166 +• 0.050C1 23 -0 61 3C456 - 0 . 1 0 2 0.4?9C111 •f 0.553C1 12 + 0 0 0 0 c 1 4 4 + 
?.247C166 + 0.000C1 ?3 +• o, O00C456 5.546 
- 0 . 0 6 2 C U 1 + 0.060C1 12 +• o, O 0 0 C 1 4 4 + 
- 0 . 0 8 0 C 1 6 6 •f o.oooc ?3 +• 0 O 0 O C 4 5 6 - 0 . 1 9 3 0.284C111 • 0.691C1 12 + o, 114C144 + 
?.776C166 •f 0.019C1 ?3 0 153C456 5. 775 
- 0 . 0 4 5 C 1 1 1 + 0.050C1 12 -0 0 1 3 C 1 4 4 + 0 . O O O C 1 6 6 -0.005C 23 -0 0 0 6 C 4 5 6 - 0 . 0 9 7 0.001 c 111 -0.003C1 1 2 -0 177C 144 + 0 . 1 0 6 C 1 6 6 +• 0.003C1 ?3 -0 365C456 - 0 . 0 5 8 0 . 2 1 9 C U 1 •f 0.7?0C 1 2 + o, 354C144 + 
? . 8 8 3 C 1 6 6 •f 0.059C1 L?3 +• 0 4 7 3 C 4 5 6 5.891 0.003C111 -0.017C1 12 -0 ? 5 2 C 1 4 4 + 0. 147C166 •f 0.014C L?3 -0 558C.456 -0.091 0.296C111 + 0.699C L 1 2 0 OOOC 144 + 
? . 8 0 6 C 1 6 6 +• O.OOOC 23 + 0 0 0 0 C 4 5 6 5.755 
-0 . 043C1U • 0.043C1 12 +• o, 0 0 0 C 1 4 4 + 
- 0 . 0 1 1 C 1 6 6 + O.OOOC ?3 + 0 0 0 0 C 4 5 6 - 0 . 0 9 7 0 . 2 4 3 C H 1 •f 0.743C 12 + o, 0 7 8 r 1 4 4 + 
2 . 9 7 3 C 1 6 6 + 0.013C1 ?3 +• 0 104c456 5.844 
O.OOOClll -0.002C1 12 -o, 148r144 + 0 . 0 8 8 C 1 6 6 •f 0.001C ?3 -0 301C456 - 0 , 0 4 8 0 . 2 5 0 C H 1 •f 0. 750C [12 + 0 0 0 0 c 1 4 4 + 
3 . 0 0 0 C 1 6 6 •f 0.000c l?3 0 , 000C456 5.832 
Table 5. Coefficients for the equations of motion for potassium chloride. Values of the 
second order constants used here are: 
C.., = 0.398 X 1012 dyn/cm2 C.. = 0.0625 X 1012 dyn/cm2 C
 0 = 0.62 X 1012 dyn/cm2. 
Propagation Direction 
1 
Polarization Direction -12 
u X 10 
(dyn/cm2) 
V = a + b 
a 
-12 
b X 10 
(dyn/cm2) 
[ 1,000, 0,000, O.OOOJ [ t.ooo, 0,000, 0.000] 
0.398 
1 ,000cm 0.000c 12 + 0, 000r144 0.000C166 
o.ooc 
123 + 0, OOOr.456 1.194 
t 0.976, 
0.155* 
0. 1 55 J [ 0.999, 0.028. 0 . 0?8 J 0. 380 0.9?7C 11 1 + 0.025C 12 + 0. 001C144 + 0, 195C166 o.ooc 123 + o. 002C456 1,121 [ 0,976, 0.155* 0.155J [-0,040. 0,707, 0.707J 
0.017 n,003C1H 
+ 0.006C 12 + 
o. 
300C144 + 
0.227C166 -0.003C 123 + 
o. 
612C456 0.009 
t 0,909, 0.295* 0.295) [ 0,996. 0.U64. 0.064) 0,332 0,7 4 K i l l 0.095C 112 0, 018C144 + 
0.687C166 
+ 0.002C 123 + 0, 028C456 0,939 
t 0,909, 0,?95. 0.295J [-0,090, 
0,f04, 
0 . 704 ] 
0,044 0.017C111 
0.041C 112 + 0, 427c144 
0,500C166 -0.021C 23 + 
o. 
938C456 0.044 
[ 0,811, 0.413* 0.413J [ 0,985. 0,122. 0. 122] 0.270 0.511C111 + 0.206C 12 + 
o. 
102C144 
1.309C166 + 0.012C ?3 + 
o. 
155C456 0,728 
[ 0.811, 0,413, 0,413J [-0,172, 0,697, 0.697 ] 
0 .079 0.045CH1 
+ 0.107C1 12 + 0, 282C144 + 
0.789C166 -0.070C 23 + 
o. 
843C456 0. 104 
t 0,697, 0.507, 0,507J [ 0,9 30, 0,261, 0 . 261 ] 0.210 0.277C111 + 0.415C 1 2 + 
o. 
474c 144 
2.051C166 + 0.068C 23 0, 676C456 0.576 
[ 0,697, 0,507. 0,507J [-0,369, 0,657, 0,657] 0.111 
0.057C 1 1 1 
+ 0. 183C 12 -0, 195C144 + 
0 . 9 0 0 C 1 6 6 -0.171C 23 + 
o. 
295C456 0.136 
t 0.577, 0.577* 0,577J [ 0,57 7, 0,577, 0,577] 0. 162 0. 1 1 1C1 1 1 + 0. 667C1 1 2 1, 3330144 + 2.667C166 + 0.222C [23 + 1, 778C456 0.547 
t 0,577, 0,577* 0,577J [-0,816. 0,408. 0. 408 ] 0.114 -0.079C111 0.236C1 12 -0. 236C144 + 
0.236C166 -0.157C 23 + 0. 157C456 0,000 
£ 0.988, 0,156* O.OOOJ [ 1.C00, C028. O . O O O J 0.369 0.962C111 
0 . 0 i 3 C 1 12 + 0, 000C144 0.101C166 + O.0OOC1 23 + 0, 000C456 1.156 
[ 0,988, 0,156. O.OOOJ [-0.028. 1 ,000. 0.000 ] 0.016 O.004CH1 -0.002C1 12 0, O0OC144 + 

































































































0,8?8Clll + 0.063C 1 2 + 0 004c144 + 
0.463C166 + o.oooc L?3 + 0 007C456 1 . 024 
0.0?8Cl11 -0.01OC1 1 2 o, 031C144 + 
0.637C166 -0.001C1 ?* + o, 067C456 0.032 
0.003C111 -0.003C 1 2 -o, 073C144 + 
0,350C166 + O.000C1 ?3 -0 147C456 0.004 
0 . 6 1 6 C 1 11 0.157C 12 +• 0 039C144 + 
1.04?C166 + 0.004C ?3 + 0 061C456 0. 825 
0.078C111 -0.0?3C1 1 2 + 0 040C144 + 
0.743C166 -o.oioc l?3 + 0 120C456 0.085 
0.018C111 -0.018C 12 -0 130C144 + 
0.565C166 0.004C 23 -0 ?76C456 0.016 
0.3*0C 1 1 1 + 0.332C 1 2 + 0 ?03C144 + 
1 . 77<?C 166 + 0 . 0 2 6 C L?3 + 0 300C456 0.645 
0. 1 34C11 1 -0.051C L12 -0 059C144 + 
0.6?8C166 -0.032C l?3 + 0 .009C456 0.131 
0.04AC111 -0.049C I 1 2 -0 147C144 + 
0.6?7C166 + 0.012C ?3 -0 341C456 0.035 
0.167CH1 + 0.642C 1 2 0 771c 144 + 
2 . 6 4 8 C 1 6 6 +• 0.117C ?3 + 1 071C456 0.577 
0. 078C 1 1 1 -0.095C 1 2 -0 128c144 + 
0.554C166 + 0.028C ?3 -0 368C456 0,052 
0.855CH1 + 0.054C 1 2 + 0 , OOOC144 + 
0.394C166 + o.oooc ?3 + 0 .O0OC456 1 .051 
0.0?9Cl11 -0.014C1 1 2 + 0 OOOC144 + 
0 . 6 4 5 C 1 6 6 + o.oooc 23 + 0 O00C456 0,032 
0.676CH 1 + 0.138C 12 + 0 008C144 + 
0.906C166 + 0.001C1 23 + o, 013C456 0.884 
0.088C1 1 1 -0.045C1 1 2 + 0, 005C144 + 
0.7?3C166 -0.001C1 23 + o, 016C456 0. 086 
0.002C111 -0.002C1 12 -o. 057C144 + 
0 . 31. 1 C 1 6 6 + 0.0O0C1 ?3 -0 115C456 0.003 
0 . 5 7 2 . 0 , 2 3 0 J [ 0 , 9 6 7 i 0 , 2 4 6 . 0 , 0 6 1 ] 0 , 2 5 8 
0,76/, 0 . 5 7 2 , 0 , 2 3 0 J T - 0 , 2 4 9 , 0 , 9 6 7 , 0 , 0 5 6 ] 0 . 1 2 7 
0,767, 0 . 5 7 2 * 0 , 2 3 0 J [ " 0 , 0 4 6 , - 0 . U A 9 . 0 , 9 9 7 ] 0 , 0 2 6 
0,672, 0 . 6 7 2 * 0 , 3 1 1 J [ 0 , 7 0 2 , 0 , 7 0 2 , 0 , 1 1 6 ] 0 , 2 1 6 
0 . 6 7 2 , 0 . 6 7 2 , 0 , 3 1 1 J [ - 0 , 0 8 ? , - 0 . U 8 2 . 0 , 9 9 3 ] 0 , 0 4 2 
0 , 8 9 1 , 0 . 4 5 4 . O.OOOJ [ 0 , 9 9 3 , 0 . 1 1 7 . 0 , 0 0 0 J 0 . 3 2 1 
0 , 8 9 1 , 0 . 4 5 4 * O.OOOJ [ " 0 , 1 1 7 , 0 . 9 9 3 . 0 , 0 0 0 ] 0 , 0 8 4 
0 . 8 0 5 , 0 . 5 8 5 * 0 . 1 0 5 J [ 0 , 9 6 9 , 0 , 2 4 4 . 0 , 0 2 6 ] 0 , 2 6 8 
0 . 8 0 5 , 0 . 5 8 5 . 0 . 1 0 5 J [ - 0 , 2 4 5 , 0 , 9 6 9 , 0 , 0 2 2 ] 0 , 1 3 2 
0 . 8 0 5 , 0 . 5 8 5 . 0 . 1 0 5 J [ - 0 , 0 2 0 , - 0 , 0 2 7 . 0 . 9 9 9 J o.oio 
0 . 6 9 a , 0 . 6 9 4 * 0 . 1 8 8 J [ 0 , 7 0 6 , 0 , 7 0 6 . 0 , 0 6 0 ] 0 . 2 2 9 
0 , 6 9 4 , 0 . 6 9 4 * 0 , 1 8 8 J [ - 0 , 0 4 3 . - 0 , 0 4 3 . 0 , 9 9 8 1 0 , 0 1 9 
0 . 8 0 9 , 0 . S 8 8 . O.OOOJ [ 0 , 9 7 0 , 0 , 2 4 4 , 0 , 0 0 0 ] 0 . 2 7 1 
0 . 8 0 9 , 0 , 5 8 8 * O.OOOJ [ " 0 , 2 4 4 , 0 , 9 7 0 . O.OOOJ 0 . 1 3 3 
0 . 7 0 5 , 0 , 7 0 5 . 0 . 0 8 4 J [ 0 , 7 0 7 . 0 , 7 0 7 , 0 , 0 2 5 ] 0 . 2 3 5 
0 . 7 0 5 , 0 , 7 0 5 . 0 . 0 8 4 J [ - 0 , 0 1 8 , - 0 , 0 1 8 , 1 , 0 0 0 ] 0 . 0 0 9 
0 . 7 0 7 , 0 . 7 0 7 . O.OOOJ [ 0 , 7 0 7 , 0 , 7 0 7 , 0 , 0 0 0 ] 0 . 2 3 6 
0.445C111 •f 0.316C 
1 . 684C166 •f 0.009C 
0.162CU1 -0.103C 
0.519C166 -0.008C 
0 . 0 1 2C1U -O.OiOC 
0.520c166 •f 0.002C 
0.21 OCU 1 •f 0.683C 
2 . 792C166 0.048C 
0.0P9CH 1 -0.027C 
0.623C166 0.006C 
0 . 693C 1 1 1 + 0.133C 
0,868C166 + o.oooc 
0.090C1U -0.049C 
0.718C166 o.oooc 
0.477C111 •f 0,313C 
1 .6470166 •f 0.002C 
0.174CH1 -0.121C 
0.473C166 -0.002C 
0.001C 1 1 1 -0.001C 
0.262C166 •f o.oooc 
0.216C111 •f 0.723C 
2.918C166 •f 0.016C 
0.007C111 -0.005C 
0.445C166 •f 0.001C 
0.486CH 1 •f 0.313C 
1 . 638C 166 •f o.oooc 
0 . 178C111 - 0 . 1. 2 6 C 
0.460C166 •f o.oooc 
0 . 247CH1 •f 0.745C 
2.983C166 •f 0.003C 
o.ooiclll •f o.oooc 
0. 2 1 1 C 1 6 6 •f o.oooc 
0.250C1 1 1 •f 0.750C 
3 , 0 0 0 C 1 6 6 •f o.oooc 
12 •f 0 . 0 7 3 C 1 4 4 •f 23 •f 0 . 1 1 1 C 4 5 6 0 . 7 0 9 1 2 
-0.023c144 •f 2 3 - . 0 1 2 C 4 5 6 0 . 1 4 1 
12 - 0 . 1 0 0 r 1 4 4 •f 
2 3 - 0 . 2 0 7 r 4 5 6 0 . 0 1 2 
1 2 + 0 . 3 4 5 C 1 4 4 + 
2 3 •f 0 . 4 9 7 C 4 5 6 0 . 6 3 6 
12 - 0 . 125c144 2 3 - . 2 7 3 C 4 5 6 0.025 12 O . O 0 0 C 1 4 4 •f 
2 3 + 0 . 0 0 0 C 4 5 6 0 . 9 0 2 
12 •f 0 . 0 0 0 C 1 4 4 •f 2 3 •f 0 . 0 0 0 C 4 5 6 0.087 12 •f 0 . 0 1 5 C 1 4 4 2 3 •f 0 . 0 2 3 C 4 5 6 0 . 7 4 4 
12 - 0 . O 0 5 C 1 4 4 + 
2 3 - 0 . 0 0 4 C 4 5 6 0 . 1 4 7 
1 2 - 0 . 0 4 7 C 1 4 4 + 
2 3 - 0 . 0 9 4 0 4 5 6 0 . 0 0 2 
12 •f 0 . 1 2 3 C 1 4 4 2 3 •f 0 . 1 8 0 r ; 456 0 . 6 8 1 
12 - 0 . 0 8 1 C 1 4 4 + 
2 3 - 0 . 1 6 7 C 4 5 6 0 . 0 0 7 
12 • 0 , 0 0 0 c 1 4 4 
2 3 •f 0 . 0 0 0 C 4 5 6 0 . 7 5 4 
12 O . O O O C 1 4 4 •f 
2 3 + 0 . 0 0 0 C 4 5 6 0 . 1 4 9 
12 •f 0 , 0 2 4 c l 4 4 •f 2 3 •f 0 . 0 3 6 C 4 5 6 0 . 7 0 3 
12 -0.037c144 •f 2 3 - . 0 7 5 C 4 5 6 0 . 0 0 2 
12 • 0 . 0 0 0 C 1 4 4 •f 
2 3 •f 0 . 0 0 0 C 4 5 6 0 . 7 0 9 
Table 6. Coeff icients for the equations of motion for sodium chlor ide . Values of the 
second order constants used here a re : 
cn = 0 , i | 8 7 x 1 ( ) 1 2 d y n / c m 2 = 0.126 X 1012 dyn/cm2 
C 1 2 = 0.121+ X 1 0 1 2 dyn/cm2. 
Propagation Direction Polar izat ion Direct ion 
[i X 10 -12 v = a + b (dyn/cm ) 
-12 b X 10 (dyn/cm ) 













0. 1 5  J 
0.295J 








0,988, 0.156, O.O0J ["0.110, 0.994, 0.000] 








0 .577, 0 .137  
"0,816, 0.408 
0,994, 0.110 
0 ,  1 0 J 
0. 698 J 
0,229] 
0 . 69 1 




















1 . OOC 11 O.00C16  0.895C11 0.39C16  
• 0 . 0 0 1 C 1 1 1 
•0.85C166 0.6 3<SC 1 1 1 1 . 3P9C16 
•0.10C111 0 . 0 3 3C 16  0.35OC11 2.04C16  
•0. 037C 1 1 1 0. 308C16  0. 1 63C 1 1  2.6UC16  
'0.71C111 0.435C16  O , 1 I 1 C 1 1 1 2.67C16  
•O.079C11 0.23616  0 . 9 H 6 C 1 1 1 0.210C16  O. 02C1 1 1 ,129C16  
0.00C O.OOC 0.97C 0.02C 0.2C
•0.11C 0.3?5C 0.?4C 0.80C 
•0.69C 0.545C 0,92C 0 . 94C 
•0, 156C 0.651C 0,182C 0,267C •0, 196C 0.667  0.22C 0.236C •0. 157C 
0 .051C 
o.ooc 
•0 , 02C 0 , 00c 
12 + 23 • 12 + 23 + 12 • ?3 • 12 • ?3 • 12 • 23 • 12 • ?3 • 
12 
23 + 12 • ?3 + 
12 
?3 • 12 • 23 + 
12 
?3 • 12 +  
0,000rl44 + 0,O0C456 0.10C14  + 0, 014C456 0,?59cl44 + 0.560C456 0. 143c 14  + 0.193C456 0.173C14  + 0. 62C456 0.53C14  + 0.741C456 
"0.189C14  + 0. 948C456 1.095C14  + 1 .461C456 
-0.392C144 + 0.01C456 1.33C14  + 1 . 78C456 
-0.236C144 + 0. 157C456 0.O0C14  +• 0.0C456 0,O00rl44 + 0.00r456 
1 . 461 
1 .432 
0.25 










0,941, 0.306. 0.144J [ 0,967, 0.2-31. 0,106) 0.467 
0,941, 0.306* 0.144J ["0.24*. 0.947. 0,2 0 5) 0.143 
0,941, O.3O6. 0.144J ["0.05 3.-0.225. 0.97 3) 0.129 
0,858. 0,437* 0.268J f 0,905, 0,367, 0,215] 0.444 
0,858, 0,437* 0,268J [ - 0 . 4 U , 0,n75, 0.252] 0,159 
0,858, 0,437, 0.268J r"0.096,-0.3t7, 0.944) 0.136 
0,752, 0.547, 0.367J [ 0.795. 0.513, 0.323) 0,425 
0.752, 0.547, 0.367J [").566 , 0.797, 0.193) 0.170 
0.752, 0. 547. 0. 367 J r-0. 1 55 *"0 . 342* 0.927) 0.145 
0.634, 0.A34. 0.444J [ 0.644, 0,h44, 0.413] 0.416 
0,634, 0,634. 0.444J ["0.292,-0.292, 0,911] 0.152 
0.951, 0.309, O.OOOJ [ 0.973* 0.231, 0.000] 0.470 
0.951, 0.309. O.OOOJ ["0.231, 0.973, 0,000] 0.143 
0,884, 0.450. 0.126J [ 0,924. 0.371, 0.097] 0,451 
0.B84, 0.450, 0.126J ["0,379, 0.921* 0.090) 0,160 
0,884, 0,450, 0.126J ["0.056,-0.120, 0.991) 0.128 
0.787, 0.572' 0.230J [ 0 .827, 0,529, 0. 191 ] o,432 
n. 7 5 5 C 1 11 0.228C 0, 934C 166 + 0,006C 
0. 012C 1 1 1 + o.ooic 0  1 3 4 C 1 6 6 
-0.012C 0.002C111 -0 , 005C 
0.220C166 + 0.003C 
0 . 4 7 3 C 1 11 + 0.469C 1 . 902C 166 + 0.043C 
0 . 0 1. 1 C 1 1 1 + 0.045C 0. 17*C166 -0.055C 
0.013C 1 1 1 -0.030C 
0.28*0166 0 . 0 1 7 C n . 2 3 8 C 1 1 1 + 0.635C 2. 552C 166 0.119C 
-0. 006C11 1 0.087C 
0.226C166 -0.081C 0. 0 3 1 C 1 1 l -0.076C 
0 . 2 3 5 C 1 6 6 0.045C 0. 142CU1 0.A73C 
P,694C166 0.183C 
0 . 0 5 3 C 1 t 1 "0.137C 
0,110C166 0.083C 0 . 7 9 3 C 1 1 1 0.197C 0 . 8 1 O C 1 6 6 + O.OOOC 0.017C111 -0.016C 0 , 1 7 7 C 1 6 6 + o.oooc 0.5 4 9C11 1 + 0.428C 
1.738C166 o.oioc 0 . 0 3 4 C 11 1 -0,0?4C 
0.129C166 -0.009C 
0,002C 1 1 1 -0,004c 
0.205C166 + 0 . 0 0 2 C 
0,304C 1 1 1 
• 0.637C 
?,560C166 4 0.052C 
1 2 0. 0 3 6 rl 4 4 + 23 0 048r 456 1 . 394 12 0. 0 5 3 C 1 4 4 + 23 • o, 154C456 0,037 12 -0 159c 1 44 23 
-0 3 2 y C 4 5 6 0.008 
1 2 0 2 6 1 C 1 4 4 
23 • 0 350C456 1 . 325 12 -0 048c144 + ? 3 • 0 1 2 4 C 4 5 6 0.045 
1 2 
-0 2 0 8 C 1 4 4 • 23 
-0 4 8 4 C 4 5 6 0.013 
1 2 • 0, 720ci44 + 23 • 0. 962C456 1.271 
1 2 -0 184C1 4 4 • 23 
-0 0 4 5 ^ 4 5 6 0.031 
1 2 -o 161C144 23 -0 s O l r 4 5 6 0.016 
1 2 + 1 1 0 1 r. 1 4 4 + 23 • 1 4 6 ? n 4 5 6 1 .248 
1 2 •o, 0 5 6 C 1 4 4 23 -0 4 4 4 C 4 5 6 0.016 12 • 0 OOOn 144 
23 • o, 0 0 0 C 4 5 6 1.405 
1 2 + o, 0 0 0 c 1 4 4 23 + 0 0 0 0 C 4 5 6 0,035 
1 2 0 061C 144 • 23 • 0 0 8 2 C 4 5 6 1 . 347 12 -0 0 0 9 C 1 4 4 • 23 • 0 0 1 9 0 4 5 6 0.044 12 -o, 1 4 4 c14 4 • 3 -0 295C456 0.008 1 2 o. 1 1 3 C 144 
23 + 0 H18C456 1.293 
0.787, 0.572- 0.230J [ "!l. 5 5 0 , 0.030, 0.0H6 J 0 . 1 73 
0.787, 0.572* 0.230J [ - :l, in- -0.i76, 0 . 978 J 0 .134 
0.672, 0.672, 0.31 1 J [ ), 681 , 0,681, 0,271J 0.423 
0.672, O.A72> 0.311 J [ " 0 . 19?, -0.192* 0.963J 0 .140 
0.891, 0,454, O.OOOJ [ o, 928, 0.372, O.OOOJ 0 .453 
0.891, 0.454. O.OOOJ r " 0 . 37? 0.9?8, 0.000] 0 .160 
0.805, 0.585» 0.105J r o, 84i , 0.535, 0.0H5 J 0 .437 
0.80b, 0,585- 0. 105J r" o. 5 39 . 0.842, 0.034] 0 .175 
0,803, 0.585- 0.105J [ "0 . 0 5 3, -0.074, 0.996] 1 .128 
0.694, 0 . 694 . 0. 188J r o. 698 0 . 698 , 0, 158] 0 . 428 
0.694, 0,694. 0 . 1 8 6 J r "o. 112 -0.112, 0 . V K 7 ] 0 .131 
0.809, 0.588. 0.000 J [ o, 344 0.536, 0.000] 0 .438 
0.809, 0.588* 0 . 000 J c • o. 536, 0.044, O.OOOJ 0 .175 
0.705, 0.705' 0.084 J [ 0.705. 0.705, 0.069] 0 .431 
0.70b, 0,705. 0,08a J [-0,049. -0.049, 0.998] 0 .127 
0.707, 0.707, O.OOOJ [ o. 70 7 , 0.707, 0. 000 ] 0 .431 
0,0?6C 1 1 1 -o.ooici 1 2 -o. 063c 1 44 + 0.095C166 -0.024C1 23 -0 029C456 0.032 
0.01OC 1 1 1 -0.022C1 1 2 -o, 21lr144 + 
0.302C166 + 0.012C1 23 -o. 471C456 0,014 
0.192C1 1 1 +• 0.700C1 12 + 0, 637C144 + 
2.801C166 + 0.106C1 23 + 0, 850C456 1 .267 
0.022C1 1 1 -0.052C1 12 -o, 207C144 + 
0.301C166 + 0.030C 23 -0 534C456 0.017 
0.571Cl 1 1 + 0.417C 1 2 + 0 OOOC144 + 
1.692C166 + O.OOOC 23 + 0 000c 456 1 . 354 
0. 0 39C 1 1 1 -0.038C 1 2 +• 0 000c144 + 
0 , 1 16C166 +• O.OOOC 23 + 0 O00C456 0. 043 
0. 3 4 0C 1 1 1 +• 0.642C 12 +• o, 0 6 8 C 1 4 4 + 
2.582C166 +• 0.01 1C 23 +• 0 091rn56 1 . 307 
0 . 0 3 8 C 1 1 1 -0.033C1 1 2 -o. 013r 1 44 + O.039C166 -0.0 05C 23 »o 007C456 0.033 
0.001Cl11 -0.002C 1 2 -0 122C144 + 
o . 1 7 6 C 1 6 6 + 0.001C 23 -0 249C456 0.007 
o.2?*C 1 1 1 + 0.7?9C 12 +• 0 253C144 +• 
2.916C166 + 0.042C 23 + 0 338C456 1 . 284 
0.005CU 1 -0.012C1 1 2 -0 192c 1 44 + 
0 . 2 76C166 + 0.007C 23 -0 411C456 0.012 
0. 350C 1 1 1 + 0.644C 1 2 +• 0 OOOC144 
2.590C166 + 0.OOOC 23 • 0 000C456 1.311 
0.040C111 -0.040C 12 +• 0 OOOC144 + 
0 . 0 ? 5 C 1 6 6 +• o.oooc 23 +• 0 O00C456 0.033 
0.2 4 6CH 1 + 0.745C 1 2 +• 0 0 5 2 C 1 4 4 + 2 982C166 + 0.009C 23 + 0 069C456 1 .292 
0 . 0 0 1 C 1 1 . -o.ooici 1 2 -o, 1OOC144 + 
0 , l a 4 C 1 6 6 +• 0.ooic 23 -0 202C456 0.006 
0.Z50C111 + 0.750C 1 2 + o. 000c144 
3,000C166 +• O.OOOC ?3 0 O00C456 1 .294 
Table 7. Energy Flux Direction for Copper. Values of the second order constants used here are 
H x 10"12 Propagation Direction Polarization Direction Energy Flux Direction , , /2s ° b (dyn/cm ) 
1,000, 0. 000, 0,000] [ 1.000, 0.000, O.OOOJ [ 1.000, 0.000, 0 ,000 J 1 684 1,000, 0. 000, o.onoi [ 0.000/ 1.000, 0.000] [ 1.000, 0.000, 0 0001 0 754 1.000, 0. 000, 0.000] [ 0.000 0.000, 1.000] [ 1,000, 0.000, 0 ,000] 0 .754 0.976, 0. 155, 0.155] [ 0.921, 0.275, 0.275] [ 0.879, 0.337, 0 ,337] 1 .817 0.976, 0. 155, 0. 155] C-0.389, 0.651, 0.651 J [ 0,943, -0.236, -0 ,236J 0 646 0,976, 0. 155, 0.155] [ 0.000, -0.707, 0.707] [ 0,998, 0.049, 0 ,049 J 0 .729 0.909, 0. 295, 0.295] [ 0.314, 0.410, 0.410] [ 0.768, 0.453, 0 ,453 J 2 .054 0.909, 0. 295, 0.295] [-0.580, 0.576, 0.576J [ 0,976, -0.153, -0 ,153] 0 .474 0.90V, 0.295, 0.295] [ 0.000, -0.707, 0.707] [ 0.990, 0. 100, 0 ,100] 0 .664 0.811, 0. 413, 0.413] [ 0.729, 0.484, 0.484] [ 0.697, 0.507, 0 507 J 2 243 0.811, 0. 413, 0.413] [-0.685, 0.515, 0.515] [ 0,972, 0.165, 0 165J 0 372 0.811* 0. 413, 0.413] [ 0.000, -0.707, 0.707] [ 0.976, 0. 155, 0 155J 0 577 0.697, 0. 507, 0.50M [ 0.653, 0,535, 0.535J [ 0.637, 0.545, 0 545 J 2 347 0.697, 0. 507, 0.507) [-0.757, 0.462, 0.462J [ 0.549, 0.591, 0 591 J 0 358 0.697, 0. 507, 0.5o7] [ o.ooo, -0.707, 0. 707] [ 0.952, 0.216, 0 216J 0 487 0.577, 0.577, 0.577] [ 0.577, 0.577, 0.5771 [ 0.577, 0.577, 0 ,577] 2 .376 0.577, 0. 577, 0.577] [-0.816, 0.408, 0.408] [ 0.075, 0.705, 0 705J 0 .408 0.577, 0.577, 0.577] [ 0.000, -0.707, 0.707] [ 0,915, 0.285, 0 285J 0 408 0.983, 0, 156, 0.000 ] [ 0.955, 0.297, 0.000] [ 0.926, 0.378, 0 000] 1 756 0.968, 0. 156, 0.000] [-0.297, 0.955, 0.000] [ 0.926, -0.376, 0 000 J 0 682 0.988, 0. 156, 0.000] [ 0.000, 0.000, 1.000] [ 0.988, 0.156, 0 000 J 0 754 0.941, 0. 306, 0.144] [ 0,860, 0.457, 0.229] [ 0.813, 0.517, 0 268] 1 950 0.941* 0.306, 0.144] [-0.506, 0.826, 0.250J [ 0.912, -0.409, 0 010J 0 520 0.941, 0 . 306, 0,141] [-0.074, -0.331, 0.941 ] [ 0.949, 0.293, -0 120 J 0 722 0.858, 0.437, 0.268] [ 0.770, 0.531, 0.353J [ 0.733, 0.560, 0 387J 2 156 0.858* 0. 437, 0.268] [-0.626, 0.735, 0,261 ] [ 0.944, -0.251, 0 213J 0 384 0.853, 0. 437, 0.268] [-0.120, -0.422, 0.899J [ 0.903, 0.403, -0 149] 0 652 0.752, 0. 547, 0.367] [ 0.693, 0.579, 0.429J [ 0.671, 0.587, 0 453J 2 293 0.752, U. 547, 0.367] [-0,696, 0.693, 0.190] [ 0.775, 0.099, 0 624 J 0 327 0.752, 0, 547, 0.367] [-0.187, -0.430, 0.883J [ 0,836, 0.524, -0 ,164 J 0 572 0.634, 0. 634, 0.444] [ 0.619, 0.619, 0.4851 [ 0,612, 0.612, 0 501 J 2 351 0.634, 0, 634, 0.444] [-0.707, 0.707, O.OOOJ [ 0.376, 0.376, 0 847 J 0 337 0.634, 0. 634, 0.444] [-0.343, -0 . 343, 0.875J [ 0.698, 0.699, -0 156 J 0 504 0.951, 0. 309, 0.000] [ 0.879, 0.477, O.OOOJ [ 0.837, 0.547, 0 000 J 1 909 0.951* 0. 309, 0.000] [-0.477, 0.879, O.OOOJ [ 0.896, -0.445, 0 000 J 0 529 0.951, 0. 309, 0.000] [ 0.000, 0.000, 1.000J [ 0.951, 0.309, 0 000 J 0 754 0.884, 0. 450, 0.126) [ 0.803, 0.568, 0.182J [ 0.767, 0.607, 0 209J 2 085 0.884, 0. 450, 0.126] [-0.590, 0.801» 0,1031 [ 0.931. -0.347, 0 114 J 0 380 0.884, 0. 450, 0.126] [-0.087, -0.190, 0.978J [ 0.883, 0.447, -0 140 J 0 727 0.787, 0,572, 0.230] [ 0.729, 0.618, 0.294J [ 0.706, 0.630, 0 324 J 2 226 0.787, 0. 572, 0,230) [-0.665, 0.742, 0.088] [ 0.905, -0.029, 0 425J 0 294 0.787, 0.572, 0.230] [-0. 164, -0.260. 0.952J [ 0,796, 0 .568, -0 207J 0 671 0.672, 0.672, 0.311 ] [ 0.657, 0.657, 0.371 ) [ 0.648, 0.648, 0 399 J 2 296 0.672, 0, 672, 0 . 311] [-0. 707, 0.707, 0,000] [ 0.488, 0.483, 0 7 24 J 0 285 0.672, 0, 672, 0.311) [-0.263, -0.263, 0,928] [ 0.689, 0.689i -0 227 J 0 611 0.891, 0. 454, 0.000] [ 0.814, 0.581, 0.000] [ 0.781, 0.625, 0 000] 2, 061 0.891, 0, 454, 0.000] [-0,581, 0.814, O.OOOJ [ 0.931, -0.365, 0 000 J 0 377 0.891, 0, 454, 0,000] [ 0.000, 0.000, 1 .000J [ 0.891, 0.454, 0 000] 0 754 0.805, 0, 585, 0.105] [ 0.752, 0.644, 0.143J [ 0.733, 0.661, 0 163 J 2 180 0.805, 0. 585, 0,105] [-0.654, 0.756, B.036] [ 0.977, -0.071, 0 20 3 J 0 277 0.805, 0. 585, 0.105] [-0.085, -0.120, 0.989] [ 0.803, 0.583, -0 127 J 0 735 0.694, 0. 694, 0.188] [ 0.686, 0.686, 0.242J [ 0.681, 0.681, 0 2 70J 2 243 0.694, 0. 694, 0.188] [-0.707, 0.707, 0.000] [ 0.602, 0.602, 0 524] 0 253 0.694, 0, 694, 0.188] [-0.171, -0.171, 0.970J [ 0.693, 0.693, -0 197 J 0 696 0.809, 0, 588, 0.000] [ 0.759, 0.651, 0.000] [ 0.741, 0.671, 0 000 J 2 166 0.809, 0, 588, 0.000] [-0.651, 0.759, 0.000 ] [ 0.997, -0.080, 0 000 J 0 272 0.809, 0 , 588, 0.000] [ 0.000, 0.000, 1.000] [ 0.809, 0.588, 0 000 J 0 754 0.705, 0. 705, 0.034] [ 0.703, 0.703, 0.U3J [ 0.701, 0. 701, 0 128J 2 211 0.705, 0. 705, 0.084] [-0.707, 0.707, 0,000] [ 0.683, 0.683, 0 261 J 0 239 0.705, 0. 705, 0.0A4] [-0.080, -0.080, 0,994 ] [ o.roi, 0.703, -0 105 J 0 742 0.707, 0. 707, 0.000] [ 0.707, 0.707, O.OOOJ [ 0.707, 0. 707, 0 000 J 2 203 0.707, 0. 707, 0.000] [-0.707, 0.707, 0.000 J [ 0.707, 0. 707, 0 000J 0 235 0.707, 0. 707, 0.000] [ 0.000, 0.000, 1,000J [ 0.707, 0. 707, 0 000 J 0 754 
C = 1.681+
 x io12 dyn/cm2, = 0.75^  x 1012 dyn/cm2, C = 1.211+ x 1012 dyn/cm2. 
8 4 
Table 8. Energy Flux Direction for Gold. Values of the second order constants used here are 
-,^ -12 p, x 10 Propagation Direction Polarization Direction Energy Flux Direction , , / 2N a bJ
 (dyn/cm ) 
1 .000 1 .000 1 .000 0.976 0.976 0.976 0.909 0.90V 0 .909 0 . 8 H 0.811 0.811 0.697 0.697 0.697 0.577 0.577 0.577 0.988 0.988 0.988 0.941 0,941 0.941 0.853 0.858 0.858 0.752 0.752 0.752 0.63a 0.634 0.634 0.951 0.951 0.951 0.884 0,884 0.884 0,787 0,78 7 0.787 0,672 0,677 0.672 0.891 0.891 0.891 0.805 0.805 0.805 0.694 0.694 0.694 0.809 0.809 0.809 0,705 0.705 0.705 0.707 0.707 0.707 
0,000 0.000 0. 000 0, 155 0 , 155 0, 155 0,295 0,295 0.295 0.413 0,413 0.413 0.507 0,507 0.507 0.577 0.577 0 . 5577 0. 156 0.156 0.156 0. 306 0.306 0.306 0.437 0.437 0.437 0,547 0.547 0,547 0,634 0,634 0,634 0.309 0 . 309 0.309 0.450 0.450 0.450 0.572 0.572 0.572 0.672 0 ,672 0,672 0,454 0.454 0.454 0,585 0.585 0.585 0 .694 0.694 0,694 0.588 0.588 0.588 0.705 0,705 0.705 0.707 0.707 0.707 
0 ,000 0.000 0. 000 0. 155 0. 155 0,155 0,295 0.295 0.295 0.413 0,413 0.413 0.507 0.507 0.5Q7 0.577 0.577 0.577 
o.ooo 0.000 0.000 0.144 0,144 0 . H 4 0.268 0.26» 0.268 0.367 0.367 0. 367 0,444 0,444 0.444 0.000 0,000 0.000 0.1?6 0.1?6 0.126 0.230 0.230 0.230 0.311 0 . 3 U 0.311 0.000 0.000 0.000 0. 105 0.105 0. 105 0. 188 0.188 0.186 0 .000 0 .000 0.000 0.084 0 .084 0,084 0,000 0.000 0,000 
1 ,000 0,000 0.000 0.958 0.287 0.000 0.868 0.496 0.000 0.7M 0 .637 0.0U0 0.674 0.738 0.000 0.577 0.816 0.000 0.978 0.209 0 .000 0.909 0.411 0.068 0.817 0.565 0 . H 3 0.722 0 ,668 0.178 0.626 0.707 0. 329 0.923 0.384 0.000 0.847 0.526 0,077 0 , 7t>8 0.635 0.147 0.665 0.707 0.241 0 ,8t>6 0.517 0 .000 0. 7f 8 0,624 0,074 0.6V1 0.707 0.151 0.784 0.621 0.000 704 707 069 707 707 
o.ouo 
0 .000 1 .000 0.000 0.203 0,677 
•0.707 0.351 0.614 
•0.707 0.451 0.545 
•0.707 0.522 0.477 
•0.707 0.577 0.408 
•0.707 0,209 0.978 0.000 0. 375 0.878 
•0.296 0.486 0.782 
•0.390 0,565 0.719 
•0.405 0.626 0.70 7 
•0.329 0 . 384 0.923 0.000 0.510 0.844 
•0.165 0.598 0.767 
•0.232 0.665 0.707 
•0.241 0.517 0.856 0 .000 0.616 0 .781 
•0. 104 0.691 0.707 
•0.151 0.621 0.784 0.000 0, 704 0.707 
•0.069 0.707 0.707 0,000 
O.OOOJ O.OOOJ 1 .000J 0.203J 0.677J 0.707J 0.351 J 0.614J 0.707J 0.4511 0.545J 0.707] 0.522J 0.477J 0. 707 J 0.577] 0.408] 0.707 ] 0.000] 0.000] 1.000] 0.181 J 0,244J 0.953] 0.309] 0.264] 0.914] 0.398J 0.192 J 0.397 J 0.465J 0.000] 0 .885 J 0,000] 0.000] 000J 1521 101 J 983 J 261 J 088] 961J 340] 0.000] 0.940J 0.000] 0.00C J 1.000] 0.122] 0.036J 0.992] 0.213J 0.000] 0,977] 
0 .000] 0,000] 1 .000] 0.097] 0,000] 0.995J 0.000] 0,0001 1 ,000] 
1 .000 1 .000 1 .000 0.941 0.972 0.997 0,837 0,983 0 ,988 0.743 0,981 0,970 0,660 0,611 0.942 0,577 0,114 0,899 0,968 0.959 0,988 0.882 0.931 0 ,949 0,788 0,946 0.901 0.703 0 ,809 0,832 0.621 0.404 0.701 0 ,900 0.922 0,951 0.820 0.938 0.885 0.739 0 .920 0.799 0 .660 0.514 0.693 0,830 0,940 0.891 0.761 0.980 0.805 0,688 0,618 0,697 0 .768 0.997 0.809 0.703 0 .687 0,704 0.707 0,707 0.707 
0.000 0.000 0.000 0.240 
•0. 166 0.055 0. 387 
-0. 128 0.111 0.473 0.138 0.171 0.531 0.560 0.236 0.577 0.702 0.310 0.252 
•0.282 0.156 0.423 
•0.363 0.297 0.516 
•0.247 0.414 Q.575 0.080 0.536 0.621 0. «04 0.701 0.436 
•0.388 0.309 0.547 
•0.327 0.449 0.612 
•0.032 0.573 0.660 0.514 0.693 0.557 
•0.J41 0.454 0.634 
•0.068 0.584 0.688 0.618 0.697 0.641 
•0,076 0.588 0.703 0.687 0 . 704 0.707 0. 707 0.707 
O.OOOJ 0,000] 0.O00J 0.240J 
-0, 166J 0.055J 0.387] 
-0.128J 0.111J 0.473J 0.138J 0,171J 0.531 J 0.560J 0.236J 0.S77J 0.702J 0.J10J O.OOOJ O.OOOJ 0,0001 0.208J 0.038J 
-0,105] 0.336J 0,208 J 
-0.133J 0.418J 0.562J 
-0.144J 0.478J 0.821 J 
-0.132 J 0.000] O.OOOJ O.OOOJ 0.170J 0,113 J 
-0,118] 0,282J 0. J91 J 
-0.180J 0.3603 0.687 J 
-0, 199 J O.OOOJ O.OOOJ 0,000] 0,1351 0 .185 J 
-0,105J 0.231 J 0.485J 
-0,167J O.OOOJ 0 ,000 ] 0,000] 0,106J 0.2 371 
- ,087] O.OOOJ O.OOOJ O.OOOJ 
1.860 0.420 0.420 1.918 0.375 0 .407 2.040 0.288 0.372 2.148 0,226 0,326 2.209 0,212 0.279 2.227 0.237 0,237 1 .891 0.389 0.420 1 .985 0.311 0.403 2.099 0.234 0.367 2, 179 0.196 0, 325 2.212 0,199 0.288 1.965 0.315 0,420 2.062 0,232 0.407 2.143 0, 180 0.378 2.182 0.172 0.346 2.049 0.231 0,420 2.119 0 .170 0.411 2,155 0.155 0,391 2,112 0.168 0.420 2.139 0,147 0.414 2.135 0.145 0,420 
C = 1.86 x 1012 dyn/cm2, C, , = 0.1+20 x 1012 dyn/cm2, C _ = 1.57 x 1012 dyn/cm2. 
TABLE 9. ENERGY FLUX DIRECTION FOR GERMANIUM. VALUES OF THE SECOND ORDER 
CONSTANTS USED HERE ARE 
X 10"12 
PROPAGATION DIRECTION POLARIZATION DIRECTION ENERGY FLUX DIRECTION ^ 2 
(DYN/CM )' 
1 .000/ 
1 .000 , 
1 .000 , 
0 .976 , 
0 .976 , 
0 .976/ 
0 .909/ 
0 .909 , 










0 .988 . 
0 ,988 , 
0 .988 , 
0 .941 , 
0.941 
0.941 
0 .856 , 
0 .858 , 





0 .634 , 
0 .634 , 
0 . 9 5 1 . 
0.951 
0.951 
0 .884 . 
0 .884/ 
0 .884 , 
0 . 787, 
0 .787, 
0 . 787. 
0 .672/ 




0 .891 . 
0 .805/ 
0 .805/ 
0 .805 . 
0 .694, 
0.694/ 
0 .694 , 













0 . 155 













0 . 156 
0 ,156 
0 . 156 
0.306 
0 . 306 










0 . 309 






























0 . 0 0 0 ] 
0 . 0 0 0 ] 
0 . 1 5 5 ] 
0 . 1 5 5 ] 
0.1551 
0 . 2 9 5 ] 
0 . 2 9 5 ] 
0 . 2 9 5 ] 
0 . 4 1 3 ] 
0 , 4 \ 3 ] 
0 . 413] 
0 . 5 0 7 ) 
0 . 5 0 7 ] 
0 . 5 0 7 ) 
0 . 577] 
0 . 5 7 7 ] 
0.57 7 ] 
0 , 0 0 0 ] 
0 . 0 0 0 ] 
0 . 000] 
0 . 144 ] 
0 . 1 4 4 ] 
0 . 1 4 4 ] 
0 . 268 ] 
0 . 2 6 8 ] 
0 . 2 6 8 ] 






0 . 0 0 0 ] 
0 . 0 0 0 ] 
0 . 000 ] 
0 . 126] 
0.106) 
0 . 1 ? 6 ] 
0 . 2 3 0 ] 
0.2 30] 
0 , 2 3 0 ] 
0 . 3 1 1 ) 
0 . 3 1 U 
0 .311 ) 
0 . 0 0 0 ] 
0 , 0 0 0 ] 
0 . 0 0 0 ] 
0 , 1 0 5 ] 
0 . 1 0 5 ] 
0 , 1 0 5 ) 
0 , 1 8 8 ] 
0 . 1 8 8 ] 
0 . 188] 
0 . 0 0 0 ] 
0 . 0 0 0 ] 
0 , 0 0 0 ] 
0 . 0 8 4 ] 
0.0841 
0,0fl4] 
0 .000 ] 
0 . 0 0 0 ] 











































































































































0 . 7 0 / ] 
0 .532J 
0 .466) 
0 .707 ) 
0.57 7) 
0.408 J 
0 .707 ] 
0 ,000 ] 
0 .000 ] 
1 .000) 







0 . 190 J 
0, 887] 
0 .480 ) 





0 . 17^J 









0 .000 ) 
1.000J 












0 .000 ] 
0 ,000) 
1.000) 
[ 1.000, 0 .000/ 0 000 J 1 .289 
[ 1.000, 0.000, 0 ,000 J 0.671 
t 1.000/ 0 .000/ 0 ,000) 0.671 
[ 0 .917 , 0 . 2 8 1 , 0 281J 1 . 354 
[ 0 . 996 , - 0 . 0 6 7 / -0 ,067 J 0 .619 
[ 0 . 9 9 1 , 0.094/ 0 094 J 0 .658 
[ 0 . 810 , 0 .414 , 0 414 J 1.476 
[ 0 . 9 9 6 , 0 .062/ 0 062J 0 .531 
[ 0 .964 , 0 .188 , 0 ,188) 0.624 
t 0 . 726 , 0 .486 , 0 486 J 1.576 
[ 0 . 9 0 1 , 0 .307, 0 307 ) 0 .476 
[ 0 . 918 , 0 . 2 8 1 , 0 ,281 J 0 .579 
[ 0 . 6 5 2 , 0 .536 , 0 536 J 1.631 
t 0 . 646 , 0 .540 , 0 540) 0.467 
[ 0 . 8 5 1 , 0 . 3 7 1 , 0 371 ) 0 .533 
r 0 .577 , 0 .577 , 0 577J 1 .646 
[ 0 ,356 , 0 .661 / 0 661 J 0 .492 
[ 0 , 7 6 2 , 0 .458 , 0 458 J 0 .492 
[ 0 . 9 5 3 , 0 .304 , 0 000) 1 .324 
[ 0 , 9 8 9 , - 0 . 1 5 1 , 0 000 J 0.636 
[ 0 . 9 8 8 , 0 . 156, 0 000) 0.671 
[ 0 . 8 5 6 , 0 . 4 6 1 , 0 233) 1 .422 
[ 0 . 9 9 1 , - 0 . 1 0 6 , 0 076J 0,555 
[ 0 . 9 5 3 , 0 , 3 0 1 , -0 008 J 0.654 
[ 0 . 7 6 8 , 0 .532 , 0 357) 1 .530 
[ 0 . 9 6 1 , 0 .103 , 0 255 J O.48? 
[ 0 . 9 0 3 , 0 .429 , 0 031 ) 0.619 
[ 0 . 6 9 1 , 0 .579 , 0 432J 1 ,603 
[ 0 . 7 9 2 , 0 .368 , 0 487) 0.451 
[ 0 . 8 2 8 , 0 .556 , 0 076) 0.577 
[ 0 . 6 1 8 , 0 .618 , 0 487) 1.633 
[ 0 . 5 4 5 , 0 . 5 4 5 , 0 637 ) 0 .456 
[ 0 . 7 0 1 , 0 . 7 0 1 , 0 130J 0 .542 
[ 0 . 8 7 6 , 0 .482 , 0 000 J 1 .401 
[ 0 . 9 9 1 , - 0 . 133, 0 000) 0 .559 
t 0 . 9 5 1 , 0 .309 , 0 000 J 0.671 
[ 0 . 8 0 1 , 0 .570 , 0 186) 1 .493 
[ 0 . 9 9 1 , 0 .043 , 0 130) 0 .480 
[ 0 . 8 9 1 , 0 .453 , -0 027 J 0.657 
[ 0 .727 , 0 .618 , 0 300) 1.568 
[ 0 . 8 8 4 , 0 . 338 , 0 324 ) 0 .434 
[ 0 . 8 1 2 , 0 .584 , -0 022 J 0 .629 
[ 0 . 6 5 5 , 0 .655 , 0 376) 1 .604 
[ 0 . 6 2 1 , 0 .621 / 0 4783 0 .429 
[ 0 .707 , 0 .707 , 0 006 J 0.598 
[ 0 . 8 1 3 , 0 . 583 , 0 000) 1 .481 
[ 1.000, 0 . 0 3 1 , 0 000 J 0 .479 
[ 0 . 8 9 1 , 0 .454 , 0 000 J 0.671 
[ 0 . 7 5 1 , 0 .644 , 0 147 J 1 .544 
[ 0 . 9 3 0 , 0 .334 , 0 152 J 0 .425 
C 0 . 8 0 9 , 0 .587 , -0 ,028) 0 .661 
[ 0 . 6 8 5 , 0.685, 0 247) 1 .577 
[ 0 . 6 7 4 , 0 .674 , 0 304 J 0 .412 
[ 0 .707 , 0 . 707/ -0 034 J 0.641 
[ 0 . 7 5 9 , 0 .652 , 0 ,000 J 1 ,537 
C 0 . 9 4 3 , 0 .334 , 0 000) 0,423 
[ 0 , 8 0 9 , 0 . 588 , 0 000) 0,671 
[ 0 . 7 0 2 , 0 .702 , 0 116 J 1 ,561 
[ 0 . 7 0 0 , 0 .700 , 0 139) 0.405 
[ 0 . 7 0 7 , 0 .707 , -0 024J 0 ,665 
[ 0 .707 , 0 ,707 , 0 000 ) 1 .557 
[ 0 .707 , 0 . 707, 0 000] 0.403 
t 0 . 7 0 7 , 0 .707 , 0 000 J 0 .671 
C = 1.289 X 10 1 2 DYN/CM2, = 0.671 X 10 1 2 DYN/CM2, = 0.1+83 X 10 1 2 DYR 
TABLE 10. ENERGY FLUX DIRECTION FOR SILICON. VALUES OF THE SECOND ORDER 
CONSTANTS USED HERE ARE 
'11 
1.657 X 10 DYN/ CM . 0.796 1 0 1 2 DYN/CM 2, = 0.639 X 1 0 1 2 DYN/CM 2. 
PROPAGATION DIRECTION POLARIZATION DIRECTION ENERGY FLUX DIRECTION M 10 
(DYN/CM C 
•12 
1 . 0 0 0 
1 . 0 0 0 
1 . 0 0 0 
0 . 9 7 6 
0 . 9 7 6 
0 . 9 7 6 
0 . 9 0 9 
0 . 9 0 9 
0 . 9 0 9 
O . B H 
0 . 8 1 1 
0 . 8 1 1 
0 . 6 9 7 
0 . 6 9 7 
0 . 6 9 7 
0 . 5 7 7 
0 . 5 7 7 
0 . 5 7 7 
0 . 9 6 8 
0 . 9 8 H 
0 . 9 8 8 
0 .941 
0 . 9 4 1 
0 . 9 4 1 
0 . 8 5 8 
0 . 8 5 8 
0 . 8 5 8 
0 . 7 5 2 
0 . 7 5 2 
0.75?. 
0 . 6 3 4 
0 . 6 3 4 
0 . 6 3 4 
0 . 9 5 1 
0 . 9 5 1 
0 . 9 5 1 
0 . 8 8 4 
0 . 8 8 4 
0 . 8 6 4 
0 . 7 6 7 
0 . 7 8 7 
0 . 7 8 7 
0 . 6 7 2 
0 . 6 7 ? 
0 . 6 7 2 
0.891 
0 . 8 9 1 
0 . 8 9 1 
0 . 8 0 5 
0 . 8 0 5 
0 . 8 0 5 
0 . 6 9 4 
0 . 6 9 4 
0 . 6 9 4 
0 . 8 0 9 
0 . 8 0 9 
0. 8 0 9 
0 , 7 0 5 
0 . 7 0 5 
0 . 7 0 5 
0 . 7 0 7 
0 . 7 0 7 
0 . 7 0 7 
0 . 0 0 0 
0 , 0 0 0 
0 , 0 0 0 
0 . 155 
0 . 1 5 5 
0, 1 5 5 
0 . 2 9 5 
0 . 2 9 5 
0 . 2 9 5 
0 , 4 1 3 
0 . 4 1 3 
0 , 4 1 3 
0 . 5 0 7 
0 , 5 0 7 
0 . 5 0 7 
0 . 5 7 7 
0 . 5 7 7 
0 . 5 7 7 
0 , 1 5 6 
0 . 1 5 6 
0. 156 
0 . 3 0 6 
0. 3 0 6 
0 . 3 0 6 
0 . 4 3 7 
0 . 4 3 7 
0 , 4 3 7 
0 . 5 4 7 
0 . 5 4 7 
0 . 5 4 7 
0 . 6 3 4 
0 . 6 3 4 
0 . 6 3 4 
0 . 3 0 9 
0. 3 0 9 
0 . 3 0 9 
0. 4 5 0 
0. 4 5 0 
0 . 4 5 0 
0 , 5 7 2 
0 . 5 7 2 
0 . 5 7 2 
0 . 6 7 2 
0 , 6 7 2 
0 . 6 7 2 
0 . 4 5 4 
0 . 4 5 4 
0 . 4 5 4 
0 . 5 6 5 
0 . 5 8 5 
0 . 5 8 5 
0 . 6 9 4 
0 , 6 9 4 
0 . 6 9 4 
0 . 5 8 8 
0 , 5 8 8 
0 . 5 8 8 
0 , 7 0 5 
0 , 7 0 5 
0 . 7 0 5 
0 . 7 0 7 
0 . 7 0 7 
0 . 7 0 7 
0 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
0 . 1 5 5 
0. 1 5 5 
0, 1 5 5 
0 . 2 9 5 
0 . 2 9 5 
0 . 2 9 5 
0 . 4 1 3 
0 . 4 1 3 
0 . 4 1 3 
0 . 5 0 7 
0 . 5 0 7 
0 . 5 0 7 
0. 5 7 7 
0 . 5 7 7 
0 . 5 7 7 
0 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
0 . 1 4 4 
0. 1 4 4 
0 . 1 4 4 
0.2*8 
0 . 2 6 8 
0.2(S8 
0 . 3 6 7 
0 . 3 6 7 
0 . 3 A 7 
0 . 4 4 4 
0 , 4 4 4 
0 . 4 4 4 
0 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
0. 1 2 6 
0 . 1 2 6 
0 . 1 ? 6 
0 . 2 3 0 
0 . 2 3 0 
0 . 2 3 0 
0 . 3 1 1 
0 . 3 1 1 
0 , 3 1 1 
0 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
0 . 1 0 5 
0. 1 0 5 
0 . 1 0 5 
0 . 1 8 8 
0 . 1 8 8 
0 . 1 8 8 
0 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
0 , 0 8 4 
0 , 0 8 4 
0 . 0 8 4 
0 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
1 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
0 . 9 4 4 
- 0 . 3 3 1 
0 . 0 0 0 
0 . 8 4 4 
" 0 . 5 3 6 
0 . 0 0 0 
0 . 7 5 1 
• 0 . 6 6 1 
0 . 0 0 0 
0 . 6 6 4 
" 0 . 7 4 8 
0 . 0 0 0 
0 . 5 7 7 
• 0 . 8 1 6 
0 . 0 0 0 
0 . 9 6 9 
• 0 . 2 4 6 
0 . 0 0 0 
0 . 8 8 8 
• 0 . 4 5 5 
• 0 . 0 7 1 
0 . 7 9 5 
• 0 . S 9 5 
• 0 . U 7 
0 . 7 0 8 
"0 . 6 8 2 
• 0 . 1 8 2 
0 . 6 2 2 
• 0 . 7 0 7 
• 0 . 3 3 6 
0 . 9 0 5 
• 0 . 4 2 6 
0 . 0 0 0 
0 , 8 2 6 
• 0 . 5 5 7 
• 0 . 0 8 ? 
0 . 7 4 4 
• 0 . 6 5 0 
• 0 . 1 5 5 
0 .661 
• 0 . 7 0 7 
• 0 , 2 5 1 
0 . 8 3 7 
• 0 . 5 4 8 
0 . 0 0 0 
0 . 7 6 6 
• 0 . 6 3 8 
• 0 . 0 7 9 
0 . 6 B 9 
"0 . 7 0 7 
• 0 . 1 6 0 
0 , 7 7 2 
• 0 . 6 3 6 
0 . 0 0 0 
0 . 7 0 3 
• 0 . 7 0 7 
• 0 . 0 7 4 
0 . 7 0 7 
• 0 , 7 0 7 
0 . 0 0 0 
0 . 0 0 0 
1 . 0 0 0 
0 . 0 0 0 
0 . 2 3 4 
0 . 6 6 7 
- 0 . 7 0 7 
0 . 3 7 9 
0 . 5 9 7 
" 0 , 7 0 7 
0 . 4 6 7 
0.531 
• 0 . 7 0 7 
0 . 5 2 9 
0 . 4 7 0 
- 0 . 7 0 7 
0 . 5 7 7 
0 . 4 0 8 
- 0 . 7 0 7 
0 . 2 4 6 
0 . 9 6 9 
0 . 0 0 0 
0 . 4 1 3 
0 . 8 5 5 
" 0 . 3 1 2 
0 . 5 0 9 
0 . 7 6 0 
• 0 . 4 0 5 
0 . 5 7 2 
0 . 7 0 6 
• 0 . 4 1 7 
0 . 6 2 2 
0 . 7 0 7 
• 0 . 3 3 6 
0 . 4 2 6 
0 . 9 0 5 
0 . 0 0 0 
0.5 38 
0 . 8 2 4 
• 0 . 1 7 7 
0 . 6 0 8 
0 . 7 5 5 
• 0 . 2 4 5 
0.661 
0 . 7 0 7 
" 0 . 2 5 1 
0 . 5 4 8 
0 . 8 3 7 
0 . 0 0 0 
0 . 6 3 0 
0 . 7 6 9 
" 0 , 1 1 2 
0 . 6 8 9 
0 . 7 0 7 
- 0 . 1 6 0 
0 , 6 3 6 
0 . 7 7 2 
0 . 0 0 0 
0 , 7 0 3 
0 . 7 0 7 
• 0 , 0 7 4 
0 , 7 0 7 
0 . 7 0 7 
0 . 0 0 0 
0.000J 
O.OOOJ 
1 . 0 0 0 J 
0 . 2 3 4 J 
0 . 6 6 7 J 
0 . 7 0 7 J 
0.379J 
0 . 5 9 7 J 
0 . 7 0 7 J 
0 . 4 6 7 ] 
0.531J 
0 . 7 0 7 ] 
0,529J 
0 . 4 7 0 ] 
0 . 7 0 7 ] 
0 . 5 7 7 J 
0 , 4 0 8 ] 
0 . 7 0 7 J 
O.OOOJ 
O . O O O J 
1.000J 
0.203J 
0 . 2 4 8 ] 
0,947J 
0.330J 
0 . 2 6 3 ] 
0 . 9 0 7 J 
0 , 4 1 3 J 
0. 191 J 
0.890J 
0 .475J 
O . O O O J 
0 , 8 8 0 ] 




0 . 1 0 2 J 
0 . 9 8 1 J 
0 , 2 7 6 ] 
0 . 0 8 8 J 
0 . 9 5 7 ] 
0.355J 
0 . 0 0 0 ] 
0.935J 
O.OOOJ 
0 . 0 0 0 ] 
1 . 0 0 0 ] 
0 . 1 3 2 J 
0.0 361 
0.991 ] 
0 . 2 2 7 J 
0 . 0 0 0 ] 
0 . 9 7 4 J 
O . O O O J 
0 . 0 0 0 ] 
1.000J 
0, 1 0 4 ] 
0 . 0 0 0 ] 
0 . 9 9 5 ] 
0 .0003 
0 . 0 0 0 ] 
1 . 0 0 0 ] 
1 . 0 0 0 
1 . 0 0 0 
1 . 0 0 0 
0 . 9 3 0 
0 . 9 9 9 
0 . 9 9 0 
0 , 8 2 6 
0 . 9 9 2 
0 . 9 5 9 
0 . 7 3 7 
0 , 8 9 5 
0 , 9 0 8 
0 . 6 5 7 
0 , 6 5 7 
0,8 36 
0 , 5 7 7 
0 . 385 
0 . 7 4 2 
0 . 9 6 1 
0 , 9 9 4 
0 . 9 8 8 
0 . 8 7 1 
0 . 9 9 4 
0 . 9 5 3 
0 . 7 8 0 
0 . 9 5 7 
0 . 9 0 0 
0 ,699 
0 . 7 9 3 
0 . 8 2 3 
0 . 6 2 0 
0 . 5 5 9 
0 . 6 9 8 
0 .890 
0 , 9 9 6 
0 . 9 5 1 
0 . 8 1 2 
0 . 9 8 8 
0 . 8 9 1 
0 , 7 3 5 
0 . 8 7 8 
0 . 8 1 1 
0 . 6 5 8 
0 . 6 3 0 
0 . 7 0 7 
0 . 8 2 3 
0 . 9 9 7 
0 . 8 9 1 
0 . 7 5 8 
0 . 9 2 0 
0 . 8 0 9 
0 . 6 8 7 
0 . 6 7 7 
0 . 7 0 7 
0 . 7 6 4 
0 . 9 3 2 
0 , 8 0 9 
0 . 7 0 3 
0 . 7 0 1 
0 , 7 0 7 
0 . 7 0 7 
0 . 7 0 7 
0 . 7 0 7 
0 . 0 0 0 
0 . 0 0 0 
0 . 0 0 0 
0 . 2 5 9 
- 0 . 0 3 7 
0. 100 
0. 399 
0 . 0 8 7 
0 . 1 9 9 
0 . 4 7 B 
0 . 3 1 5 
0 , 2 9 6 
0 . 5 3 3 
0 . 5 3 3 
0 . 3 8 8 
0 . 5 7 7 
0 . 6 5 3 
0 . 4 7 4 
0 , 2 7 6 
• 0 . 1 1 0 
0. 156 
0 . 4 4 0 
• 0 . 0 6 2 
0 . 3 0 3 
0 . 5 2 2 
0 . 1 3 6 
0 . 4 3 2 
0 , 5 7 6 
0 . 3 8 6 
0 . 5 5 8 
0 , 6 2 0 
0 . 5 5 9 
0 . 6 9 6 
0 . 4 5 7 
• 0 . 0 8 5 
0. 3 0 9 
0 , 5 5 6 
0 . 0 8 5 
0 , 4 5 3 
0 . 6 1 4 
0 . 3 6 4 
0 . 5 8 5 
0 . 6 5 8 
0 . 6 3 0 
0 . 7 0 7 
0 . 5 6 8 
0 . 0 7 6 
0 . 4 5 4 
0 . 6 3 8 
0. 36 3 
0 , 5 8 8 
0 , 6 8 7 
0 . 6 7 7 
0 . 7 0 7 
0 . 6 4 5 
0. 363 
0 . 5 8 8 
0 . 7 0 3 
0 . 7 0 1 
0. 7 0 7 
0 , 7 0 7 
0 . 7 0 7 




0 , 2 5 9 ] 
- 0 , 0 3 7 3 
0 . 1 0 0 1 
0.399J 
0 . 0 8 7 J 
0.199J 
0 , 4 7 8 3 
0.315J 
0 , 2 9 6 3 
0 . 5 3 3 3 
0 , 5 3 3 1 
0 . 3 8 8 J 
0 . 5 7 7 J 
0 , 6 5 3 J 
0 . 4 7 4 J 
O.OOOJ 
O . O O O J 
O.OOOJ 
0.219J 
0 . 0 8 7 ] 
0 . 0 0 7 J 
0,345J 
0.257J 
0 , 0 5 5 ] 
0 . 4 2 4 J 
0 , 4 7 1 J 
0, 1 0 6 J 
0 . 4 8 2 J 
0.613J 
0 . 1 6 4 J 
0 , 0 0 0 ] 
O . O O O J 
O . O O O J 
0 ,1 7 7 J 
0 . 1 3 1 J 
- 0 , 0 1 1 3 
0 . 2 9 0 ] 
0 , 3 1 1 3 
0 , 0 0 4 3 
0 , 3 6 7 3 
0 . 4 5 5 3 
0 , 0 3 8 3 
0 , 0 0 0 3 
0 , 0 0 0 3 
0 , 0 0 0 3 
0 . 1 4 0 J 
0 , 1 4 6 3 
- 0 . 0 1 4 J 
0 . 2 3 9 3 
0 . 2 8 7 3 
- 0 , 0 1 0 3 
0 , 0 0 0 ] 
0 , 0 0 0 3 
0 , 0 0 0 3 
0 , 1 1 1 3 
0 , 1 3 1 3 
- 0 , 0 1 2 3 
0 , 0 0 0 3 
0 , 0 0 0 3 
O.OOOJ 
TABLE 11. ENERGY FLUX DIRECTION FOR POTASSIUM CHLORIDE. VALUES OF THE SECOND ORDER 
CONSTANTS USED HERE ARE 
PROPAGATION DIRECTION POLARIZATION DIRECTION ENERGY FLUX DIRECTION ^ , X 2 
(DYN/CM 
T 1 0 0 0 . 0 . 0 0 0 , 0 , 0 0 0 ] [ L.OOOI 0. 0 0 0 , O . O OOJ [ 1 . 0 0 0 . 0 . 0 0 0 . 0 ooo) 0 3 9 8 T 1 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ] [ 0 . 0 0 0 , 1 . 0 0 0 . O.OOOJ [ 1 , 0 0 0 , 0 . 0 0 0 . 0 ooo) 0 0 0 6 T 1 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ] [ 0.000/ 0 . 0 0 0 , 1 . 0 0 0 ] [ 1 , 0 0 0 , 0 . 0 0 0 . 0 , 0 0 0 ) 0 0 0 6 T 0 9 7 6 . 0 . 1 5 5 , 0 . 1 5 5 ] [ 0.999/ 0. 0 ? 8 , 0 . 0 2 8 ) [ 1 , 0 0 0 , 0 . 0 0 7 . 0 , 0 0 7 ) 0 3 8 0 
T 0 9 7 6 , 0 . 1 5 5 , 0 , 1 5 5 1 [-0.040/ 0 . 7 0 7 , 0 . 7 0 7 ) [ 0 , 1 2 4 , 0 . 7 0 2 . 0 , 7 0 2 ) 0 ,017 
[ 0 9 7 6 , 0 . 1 5 5 , 0. 1«S5] [ 0.000/ - 0 . 7 0 7 , 0 . 7 0 7 ] [ 0 , 1 6 4 , 0 , 6 9 8 . 0 ,698 J 0 0 1 4 
C 0 9 0 9 , 0 . 2 9 5 , 0 . 2 9 5 ] [ 0 , 9 9 6 , 0 . 0 6 4 , 0 . 0 6 4 ) [ 1 , 0 0 0 , 0 . 0 1 8 , 0 , 0 1 8 ) 0 3 3 2 
[ 0 9 0 9 , 0 . 2 9 5 , 0 . 2 9 5 ] [-0.090/ 0. 7 0 4 , 0 . 7 0 4 ] [ 0 , 0 6 5 , 0 . 7 0 6 . 0 , 7 0 6 ) 0 0 4 4 
T 0 9 0 9 , 0 . 2 9 5 , 0 . 2 9 5 ] [ 0 . 0 0 0 , - 0 . 7 0 7 , 0 . 7 0 7 ) [ 0 , 0 8 1 , 0 . 7 0 5 . 0 7 0 5 ) 0 0 3 4 
[ 0 8 1 1 , 0 . 4 1 3 , 0 . 4 1 3 ) [ 0 . 9 8 5 , 0 . 1 2 2 , 0,122) 
[ 0 , 9 9 9 , 0 , 0 3 8 , 0 ,038J 0 2 7 0 
T 0 8 1 1 , 0 . 4 1 3 , 0 , 4 1 3 ] [-0. 172, 0. 6 9 7 , 0 , 6 9 7 ] [ 0 , 0 6 2 , 0 . 7 0 6 . 0 706J 0 0 7 9 
T 0 8 1 1 , 0 . 4 1 3 , 0 . 4 1 3 ] [ 0 . 0 0 0 , - 0 . 7 0 7 , 0 , 7 0 7 ) [ 0 , 0 5 2 , 0 . 7 0 6 . 0 7 0 6 ) 0 0 6 2 
T 0 6 9 7 , 0 . 5 0 7 , 0 . 5 0 M [ 0.929/ 0 . 2 6 1 , 0 . 261J [ 0 , 9 8 6 , 0 . 1 1 7 . 0 1 1 7 ) 0 2 1 0 
T 0 6 9 7 , 0 . 5 0 7 , 0 . 5 0 7 ] [-0.369, 0. 6 5 7 , 0 , 6 5 7 ) [ 0 , 1 8 6 , 0 . 6 9 5 . 0 , 6 9 5 ] 0 111 
R 0 6 9 7 , 0 . 5 0 7 , 0 . 5 0 7 ] [ 0 . 0 0 0 , - 0 . 7 0 7 , 0 , 7 0 7 ) [ 0 , 0 3 6 , 0 , 7 0 7 . 0 ,707 ) 0 ,089 
[ 0 5 7 7 , 0 . 5 7 7 , 0 . 5 7 7 ] C 0 . 5 7 7 , 0 . 5 7 7 , 0 . 5 7 7 ) [ 0 , 5 7 7 , 0 , 5 7 7 . 0 ,577 ) 0 1 8 2 
T 0 5 7 7 , 0 . 5 7 7 , 0 . 5 7 7 ] [-0.816, 0 . 4 0 8 , 0 . 4 0 8 ) [ 0 , 9 3 4 , 0,253» 0 ,253J 0 114 
R 0 5 7 7 , 0 , 5 7 7 , 0 . 5 7 7 ) [ 0 . 0 0 0 , -0 . 7 0 7 , 0 . 7 0 7 ) [ 0 , 0 2 6 , 0 , 7 0 7 . 0 , 7 0 7 ] 0 1 1 4 
T 0 9 8 8 , 0 . 1 5 6 , 0 . 0 0 0 ] [ 1.000, 0 . 0 2 8 , 0 . 0 0 0 ) [ 1 , 0 0 0 , 0 . 0 0 7 . 0 , 0 0 0 ) 0 3 8 9 
T 0 9 8 8 , 0 . 1 5 6 , 0 . 0 0 0 ] [-0.028, 1 . 0 0 0 , 0 , 0 0 0 ] [ 0 , 1 0 2 , 0 , 9 9 5 . 0 , 0 0 0 ) 0 0 1 6 
T 0 9 8 8 , 0 , 1 5 6 , 0 . 0 0 0 ] [ 0 . 0 0 0 , 0, 0 0 0 , 1 . 0 0 0 ) [ 0 , 9 8 6 , 0 . 1 5 6 * 0 0 0 0 ) 0 0 0 6 
T 0 9 4 1 , 0 . 3 0 6 , 0 . U 4 ] [ 0 . 9 9 8 , 0 . 0 6 3 , 0 , 0 2 8 ) [ 1 , 0 0 0 , 0 , 0 1 7 . 0 , 0 0 7 ) 0 ,355 
T 0 941 , 0 , 3 0 6 , 0 . 1 4 4 ] [-0.065/ 0, 9 9 4 , 0 . 0 6 7 ) [ 0 , 0 5 2 , 0 . 9 9 8 . 0 , 0 2 4 ) 0 0 4 2 
T 0 9 4 1 , 0 . 3 0 6 , 0 . 1 4 4 ] [-0.022, - 0 . 0 8 8 . 0 , 9 9 6 ] [ 0 , 1 0 9 , 0 , 0 3 9 . 0 , 9 9 3 ) 0 0 1 4 
T 0 8 5 8 , 0 , 4 3 7 , 0 . 2 6 8 ] [ 0 . 9 9 1 , 0, 1 1 9 , 0 , 0 6 2 ) [ 0 , 9 9 9 , 0 , 0 3 6 . 0 0 1 7 ) 0 2 9 9 
T 0 8 5 8 , 0 . 4 3 7 , 0 . 2 6 6 ) [-0.126, 0, 9 8 3 , 0 . 1 3 2 ) [ 0 , 0 4 1 , 0 . 9 9 8 , 0 0 3 9 ) 0 0 7 9 
[ 0 8 5 8 , 0 . 4 3 7 , 0 , 2 6 8 ) [-0.046, - 0 , 1 3 8 , 0 . 9 8 9 ) [ 0 , 0 5 6 , 0 . 0 4 0 . 0 , 9 9 8 ) 0 ,032 
[ 0 7 5 2 , 0 . 5 4 7 , 0 , 3 6 7 ] [ 0.961/ 0 . 2 5 0 , 0 . 1 2 1 ) [ 0 , 9 9 4 , 0 . 1 0 3 , 0 , 0 4 0 ) 0 2 3 8 
T 0 7 5 2 , 0 . 5 4 7 , 0 , 3 6 7 ) [-0,266, 0, 9 5 4 , 0 , 1 3 8 ) [ 0 , 0 8 0 , 0 . 9 9 6 . 0 0 4 3 ) 0 117 
[ 0 7 5 2 , 0 . 5 4 7 , 0 , 3 6 7 ) [-0.081/ R-0. 1 6 5 , 0 . 9 8 3 ) [ 0 , 0 3 9 , 0 , 0 4 5 , 0 , 9 9 8 ) 0 0 5 5 
[ 0 6 3 4 , 0 . 6 3 4 , 0 , 4 4 4 ] [ 0 , 6 8 8 , 0, 6 8 8 , 0 , 2 3 2 ) [ 0 , 7 0 2 , 0 , 7 0 2 . 0 1 2 4 ) 0 197 
C 0 6 3 4 , 0 . 6 3 4 , 0 , 4 4 4 ] 1-0.707, 0 . 7 0 7 , 0 . 0 0 0 ) [ 0 , 7 0 7 , 0 , 7 0 7 . 0 0 1 8 ) 0 136 
T 0 6 3 4 , 0 . 6 3 4 , 0 . 4 « 4 ] [-0.164, - 0 , 1 6 4 , 0 . 9 7 3 ) [ 0 , 0 4 5 , 0 . 0 4 5 . 0 9 9 8 ) 0 0 7 7 
[ 0 9 5 1 . 0 . 3 0 9 , 0 , 0 0 0 ] [ 0 . 9 9 8 , 0 . 0 6 3 , 0 . 0 0 0 ) [ 1,000, 0 , 0 1 7 . 0 , 0 0 0 ) 0 3 6 2 
T 0 9 5 1 , 0 . 3 0 9 , 0 . 0 0 0 ] [-0.063, 0 . 9 9 8 , 0 . 0 0 0 ) [ 0 , 0 5 1 , 0 , 9 9 9 . 0 , 0 0 0 ) 0 0 4 2 
[ 0 9 5 1 . 0 . 3 0 9 , 0 . 0 0 0 ] [ 0 . 0 0 0 , 0. 0 0 0 , 1 . 0 0 0 ) [ 0 , 9 5 1 , 0 , 3 0 9 . 0 0 0 0 ) 0 0 0 6 
T 0 8 8 4 , 0 , 4 5 0 , 0 , 1 2 6 ] [ 0 . 9 9 3 , 0 . 11 8, 0 . 0 2 6 ) [ 0 , 9 9 9 , 0 , 0 3 5 . 0 , 0 0 7 ) 0 3 1 6 
[ 0 88*» 0 , 4 5 0 , 0. 1 2 6 ] [-0.119, 0. 9 9 2 , 0 . 0 4 2 ) [ 0 . 0 4 0 , 0 , 9 9 9 . 0 011 ] 0 0 8 3 
[ 0 8 8 4 , 0 . 4 5 0 , 0, 1 ? 6 ] [-0.021, - 0 . 0 4 5 , 0 . 9 9 9 ) [ 0 . 1 1 6 , 0 , 0 5 9 . 0 ,991 J 0 0 1 2 
R 0 7 8 7 , 0 , 5 7 2 , 0 , 2 3 0 ] [ 0,967/ 0. 2 4 6 , 0 . 0 6 1 ) [ 0 , 9 9 5 , 0 , 0 9 9 . 0 , 0 1 8 ) 0 2 5 8 
T 0 7 8 7 , 0 , 5 7 2 , 0 , 2 3 0 ) 
r-0.249, 
0 . 9 6 7 , 0 , 0 5 6 ) [ 0 , 0 7 2 , 0 , 9 9 7 . 0 ,015 J 0 127 
[ 0 7 8 7 , 0 , 5 7 2 , 0 . 2 3 0 ] [-0.046, - 0 . 0 6 9 , 0 . 9 9 7 ) [ 0 , 0 5 8 , 0 , 0 4 4 . 0 9 9 7 ) 0 0 2 6 
T 0 6 7 2 , 0 , 6 7 2 , 0 , 3 1 1 ) [ 0 . 7 0 2 , 0. 7 0 2 , 0 , 1 1 6 ) [ 0 , 7 0 6 , 0 . 7 0 6 . 0 049J 0 2 1 6 
T 0 6 7 2 , 0 , 6 7 2 , 0 . 3 1 1 ] [-0.707, 0 . 7 0 7 , 0 , 0 0 0 ) [ 0 , 7 0 7 , 0 , 7 0 7 . 0 , 0 1 2 ) 0 1 5 2 
T 0 6 7 2 , 0 , 6 7 2 , 0 . 3 1 1 ) [-0.082, - 0 , 0 8 2 , 0 . 9 9 3 ) [ 0 , 0 4 0 , 0 . 0 4 0 . 0 ,998 J 0 0 4 2 
T 0 8 9 1 , 0 , 4 5 4 , 0 , 0 0 0 ] [ 0 . 9 9 3 , 0, 1 1 7 , 0 , 0 0 0 ) [ 0 , 9 9 9 , 0 , 0 3 5 . 0 , 0 0 0 ) 0 ,321 
T 0 8 9 1 , 0 . 4 5 4 , 0 , 0 0 0 ] [-0.117, 0, 9 9 3 , 0 . 0 0 0 ) [ 0 , 0 4 0 , 0 . 9 9 9 . 0 ,000 J 0 0 8 4 
T 0 8 9 1 . 0 . 4 5 4 , 0 . 0 0 0 ] [ 0 . 0 0 0 , 0, 0 0 0 , 1 , 0 0 0 ) [ 0.891, 0 . 4 5 4 . 
0 0 0 0 ) 0 0 0 6 
T 0 8 0 5 , 0 , 5 8 5 , 0 , 1 0 5 ) [ 0 . 9 6 9 , 0. 2 4 4 , 0 . 0 2 6 ) [ 0 , 9 9 5 , 0 , 0 9 7 . 0 0 0 7 ) 0 2 6 8 
T 0 8 0 5 . 0 . 5 8 5 , 0 . 1 0 5 ] [-0.245, 0, 9 6 9 , 0 . 0 2 2 ) [ 0 . 0 7 0 , 0 . 9 9 8 . 0 0 0 6 ) 0 1 3 2 
T 0 8 0 5 , 0 , 5 8 5 , 0 , 1 0 5 1 [-0.020, - 0 , 0 2 7 , 0 , 9 9 9 ) [ 0 , 1 2 6 , 0 , 0 9 1 . 0 , 9 8 8 ) 0 0 1 0 
T 0 6 9 4 , 0 , 6 9 4 , 0 . 1 8 8 ] [ 0 . 7 0 6 , 0. 7 0 6 , 0 , 0 6 0 ) [ 0 . 7 0 7 , 0 . 7 0 7 . 0 0 2 4 ) 0 2 2 9 
T 0 6 9 4 , 0 , 6 9 4 , 0 , 1 8 8 ] [-0.707, 0 . 7 0 7 , 0 . 0 0 0 ) [ 0 , 7 0 7 , 0 , 7 0 7 . 0 ,007J 0 162 
R 0 6 9 4 , 0 , 6 9 4 , 0 , 1 8 8 ] [-0.043, - 0 , 0 4 3 , 0 , 9 9 8 ) [ 0 , 0 6 2 , 0 . 0 6 2 . 0 , 9 9 6 ) 0 0 1 9 
T 0 8 0 9 , 0 , 5 8 8 , 0 , 0 0 0 ] [ 0 . 9 7 0 , 0, 2 4 4 , 0 , 0 0 0 ] [ 0 , 9 9 5 , 0 , 0 9 7 . 0 O00J 0 2 7 1 
T 0 ,809, 0 , 5 8 8 , 0 , 0 0 0 ] [-0,244, 0, 9 7 0 , 0 . 0 0 0 ] [ 0 , 0 6 9 , 0 , 9 9 8 . 0 ,O00J 0 133 
T 0 8 0 9 , 0 , 5 8 8 , 0 , 0 0 0 3 [ 0 . 0 0 0 , 0, 0 0 0 , 1 . 0 0 0 ) [ 0 , 8 0 9 , 0 , 5 8 8 , 0 0 0 0 J 0, 0 0 6 
T 0 7 0 5 , 0 , 7 0 5 , 0 , 0 8 4 ] [ 0 . 7 0 7 , 0. 7 0 7 , 0 . 0 2 5 ) [ 0 . 7 0 7 , 0 . 7 0 7 . 0 0 1 0 ) 0, 2 3 5 
R 0 7 0 5 , 0 , 7 0 5 . 0 , 0 8 4 ] [-0.707, 0, 7 0 7 , 0 , 0 0 0 ] [ 0 , 7 0 7 , 0 . 7 0 7 . 0 0 0 3 ) 0 167 
T 0 7 0 5 , 0 , 7 0 5 , 0 . 0 6 4 ] [-0.018, - 0 . 0 1 8 , 1 , 0 0 0 1 [ 0 . 1 3 7 , 0 . 1 3 7 . 0 981J 0 0 0 9 
T 0 7 0 7 , 0,707. 
0 . 0 0 0 ] [ 0 . 7 0 7 , 0. 7 0 7 , 0 . 0 0 0 ) [ 0 . 7 0 7 , 0 , 7 0 7 . 0 0 0 0 ) 0 2 3 6 
R 0 7 0 7 , 0 , 7 0 7 , 0 . 0 0 0 ] [-0.707, 0 . 7 0 7 , 0 , 0 0 0 ) [ 0 , 7 0 7 , 0 , 7 0 7 . 0 0 0 0 ) 0, 168 
T 0 , 7 0 7 , 0 , 7 0 7 . 0 . 0 0 0 ] [ 0 . 0 0 0 , 0 . 0 0 0 , 1 . 0 0 0 ) [ 0 , 7 0 7 , 0 , 7 0 7 . 0 0 0 0 ) 0, 0 0 6 
C = O.398 X 1022 DYN/CM 2, C, , = 0.00625 X 1 0 1 2 DYN/CM 2, C = 0.062 X 1 0 1 2 DYN/CM 2. 
Table 12. Energy Flux Direction for Sodium Chloride. Values of the second order 
constants used here are 
x 1 0 " 1 2 
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0 . 0 0 0 ] 
0 . 0 0 0 ] 
0 . 1 5 5 ] 
0 . 1 5 5 ] 
0 , 1 5 5 ] 
0 . 2 9 5 ] 
0 , 2 9 5 ] 
0 , 2 9 5 ] 
0 , 4 ) 3 ] 
0 . 4 1 3 ] 
0 . 4 1 3 ] 
0 , 5 0 7 ] 
0 , 5 0 7 ] 
0 ,50 7] 
0 , 5 7 7 ] 
0 . 5 7 7 ] 
0 , 5 7 7 ] 
0,0003 
0 , 0 0 0 ] 
0 .000 ] 
0 . 1 4 4 ] 
0 , 144] 
0 . H 4 ] 
0 , 2 6 8 ] 
0 , 2 6 8 ] 
0 , 2 6 8 ] 
0.36 7] 
0 . 3 6 7 ] 
0 . 3 6 7 ] 
0 . 4 4 4 ] 
0 , 4 4 4 ] 
0 , 4 4 4 ] 
0 . 0 0 0 ] 
0 . 0 0 0 ] 
0 . 0 0 0 ] 
0 . 1 2 6 ] 
0 . 1 ? 6 ] 
0 . 1 2 6 ] 
0 .230 ] 
0 .230 ] 
0 . 2 3 0 ] 
0 . 3 1 1 ] 
0 . 3 1 1 ] 
0 . 3 1 1 ] 
0 . 0 0 0 ] 
0 . 0 0 0 ] 
0 , 0 0 0 ] 
0 , 1 0 5 ] 
0 , 1 0 5 ] 
0 . 105] 
0 , 1 8 8 ] 
0 . 1 6 8 ] 
0 .1P8] 
0 . 0 0 0 ] 
0.0003 
0 . 0 0 0 ] 
0 .0R4] 
0 . 0 8 4 ] 
0 .0p4] 
0.0003 
0 . 0 0 0 ] 























































































- 0 . 2 2 5 
0.367 
0.875 
- 0 , 3 1 7 
0.513 
0.787 
- 0 . 3 4 2 
0.644 
0 .707 






- 0 . 120 
0 .529 
0.830 
- 0 . 1 7 6 
0.681 
0.707 
- 0 . 1 9 ? 





- 0 . 0 7 4 
0 .698 
0.707 















0 . 7 0 7 ] 
0 . 2 2 9 ] 
0 .669 ] 







0 .577 ] 
0 ,408 ] 
0 .707] 
0.0003 
0 ,000 ] 
1 . 000 ] 
0.1063 
0 . 2 0 5 ] 
0.9733 
0 .215 ] 
0 ,252 ] 
0 ,944] 
0 . 3 2 3 ] 
0.1933 
0,9273 
0 . 4 1 3 ] 
0 ,000 3 






















0 ,000 ] 
0,0003 
1.000] 































































































































































































0 ,185 J 
0.0003 
0 ,000 ] 
0,0003 
C = 0.487 x 10 1 2 dyn/cm2, C, , = 0.126 x 10 1 2 dyn/cm2, C = 0.124 x 10 1 2 dyn/cm2. 
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Table 13. Useful Interactions for Copper. Values of the second 
order constants used here are: 
Interaction Number 1 q1 = ( 1.000, 0.000, 0.000), P1 = ( 0.000, 1.000, 0.000), q2 = (-0.707, 0.707, 0.000), J?2 = (-0.707, 0.707, 0.000), n2 
o3 = ( o.°88, 0.158, 0.000), p3 = ( 0.-54, o.2'.;8, 0.000), p, 
o)2/a)1 = 0.333, u> /u^ - 1.333, G = -0-54^^ -0.468 x 1012 
Interaction Number 2 
q 1 = ( 1.000, 0.000, 0.000), P1 = ( 0.000, 1.000, 0.000), ij. q2 = ( 0.000, 1.000, 0.000), P2 = ( 0.000, 1.000, 0.000), ij, 
" ' " 3 
= . ,754 X io12 
= 2, .3 X 1012 
= 1. .757 X 1012 
.799, 0.601, 0.000), P^  = ( 0.753, 0.657, 0.000), p., ig/^  - 1.123, uuy^  = 2.124, G = +0-978Cl66 +1.772 x 1012 ~ U U 
- 0, .754 X 1012 
= 1. 68  X 1012 
= 2, .173 X io12 
Interaction Number 3 
q1 = ( 0.707, 0.707, 0.000), P1 - ( 0.000, 0.000, 1.000), \ = 0.75^  x 1012 q2 = ( 1.000, 0.000, 0.000), P2 - ( 0.000, 0.000, 1.000), ^ = 0.75^  x 1012 
q3 - ( 0.387, 0.922, 0.000), P3 = ( 0.843,-0.538, 0.000), = 0.445 x 1012 
uo2/ou1 = -0.411, ou / U J 1 = 0.589, G - -0.351C11+i4_ +0.231Cl66 +0.403^  6 +0.266 x 10 
Interaction Number 4 
q1 = ( 0.707, 0.707, 0.000), P1 = (-0.707, 0.707, 0.000), = 0.235 x 1012 q2 = ( 0.447,-0.894, 0.000), P2 = ( 0.000, 0.000, 1.000), p,2 - 0.75^  x 1012 q3 = ( 0.928, 0.373, 0.000), P3 = ( 0.000, 0.000, 1.000), ^ = 0.75^  x 1012 
u^ ./u^  = 0.705, cu3/u)1 = 1.705, G - +0-374C1^  -°-374Cl6 -O.I76 x 1012 
12 
C = 1.684 x 1012 dyn/cm2, C,. = 0.75^  x 1012 dyn/cm2, C = 1.214 x 1012 dyn/cm2. 
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Table 13. (Continued) 
Interaction Number 5 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p, = 0.235 x 10 1 2 
q2 = ( 0.707,-0.707, 0.000), P 2 = ( 0.000, 0.000, 1.000), p, = 0.754 x 10 1 2 
q3 - ( 0.973, 0.231, 0.000), p 3 = ( 0.000, 0.000, 1.000), [i = 0.754 x 10 1 2 
u^/u^ = l.lOU, u^/u^ = 2.104, G = +0.426Cll+1+ -0.426Cl66 -0.200 x 10 1 2 
Interaction Number 6 
q1 = ( 1.000, 0.000, 0.000), p 1 = ( 1.000, o.ooo, o.ooo), (j, = 1.684 x 10 1 2 
q2 = ( 0.577, 0.577, 0.577), P 2 = (-0.408,-0.1+08, 0.8l6), |j, - 0.408 x 10 1 2 
qJ = ( 0.313,-0.672,-0.672), P J = ( 0.000,-0.707, 0.707), u-3 = 0.286 x 10 
W2^l = -°-58l, u^/u^ - 0.4i8, G = -0.336C112 +0.157Cl66 +0.336C123 -0.552 x 10 1 2 
Interaction Number 7 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.707, 0.707, 0.000), p, = 2.203 x 10 1 2 
q 2 = (-0.577, 0.577, 0.577), P 2 = ( 0.707, 0.707, 0.000), [i = 0.408 x 10 1 2 
1 ? 
= o 1+^ 7 v in 
3 
u^/u^ = -0.396, oo = 0.605, G = -0.1070^ +0.107C112 +0.1^10+0.l4lC l 6 6 
+0.2820^ g -0.140 x 10 1 2 
Interaction Number 8 
q1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), |JL = 2.203 x 10 1 2 
q2 = ( 1.000, 0.000, 0.000), p 2 = ( 1.000, 0.000, o.ooo), \x = 1.684 x 10 1 2 
A ^ A ^  12 
qJ = (-O.865, 0.501, 0.000), P J = ( 0.608, 0.794, 0.000), p, = 0.335 x 10 
co2/u) = -0.450, uu /u^ = 0.550, G = -0.263C11;L +0.135C112 +0.383C l 6 6 -0.855 x 10 
Interaction Number 9 
q1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p, - 2.203 x 10 1 2 
q2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 0.000, 1.000), - 0.754 x 10 1 2 
q3 = (-0.842, 0.539, 0.000), p 3 = ( 0.000, 0.000, 1.000), n = 0.754 x 10 1 2 
oug/^ = -0.233, o ^ / o ^ = 0.767, G = -0A21C l M + -0.421Cl66 -0.539C^6 -I.627 x 10 1 2 
q3 = ( 0.9H, 0.130,-0.391), P 3 = ( 0.557,-0.144, O.818), = 0.437 x 10 
12 
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Table 13. (Continued) 
12 
Interaction Number 10 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.754 x 1 0 1 2 q2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), ^ = O.koQ x 1 0 1 2 q3 = ( 0.699, 0.699,-0.15^), P 3 = (-0.707, 0.707, 0.000), ^ = 0.247 x 1 0 1 2 
u,2/u)i = -0.256, uj = 0.744, G - -0.3480^ + 0 - 3 4 S c l 6 6 +O.525 x 1 0 1 2 
Interaction Number 11 
q1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), ^ = 2.376 x 1 0 1 2 
q2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 1.000, 0.000), p, = 0.754 x H) 1 2 
q3 = (-0.8ll,-0.4l4,-0.4l4), p3 = ( 0.000,-0.707, 0.707), M<3 - 0.576 x 1 0 1 2 
^2^1 = - 0' 3 1 2' ^/^I = °-687> G := + 0 - O O L F C 1 ^ _ 0 - 5 7 7 C i 6 6 + 0 , 3 8 2 C 4 5 6 - 1 - 0 8 0 x 1 0 
Interaction Number 12 
q1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), [i = 0.235 x 1 0 1 2 
a2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), [i2 = O.koQ x 1 0 1 2 
q3 = ( 0.693, 0.693, 0.198), P 3 = (-0.180,-0.180, 0.967), ^ = 0.690 x 1 0 1 2 
u^/u^ = 0.359, u) /u^ = 1.359, G = +o.051Cli;L -0.129C 1 1 2 -0.259C l l+J+ +0.259C l 6 6 
+0.078C123 +0.649 x 1 0 1 2 
Interaction Number 13 q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.75Ji x 1 0 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = ( 0.577, 0.577,-0.577), M,2 = 2.376 x 1 0 1 2 q3 = ( O.698, O.698, 0.164), P 3 = ( O.69I, 0.691, 0.213), M-3 = 2.234 x 1 0 1 2 
^2^1 = °-^
13
» ^ /^ i = 1-^ 13 3 G = +0 .3310^ +0.240C l 6 6 + °-66201^56 + 0 - 7 8 ° x 1 q 1 2 
Interaction Number 14 1 0 1 2 
ql = ( 1.000, 0.000, 0.000), P 1 = ( 1.000, 0.000, 0.000), p, = 1.684 x 
a2 = ( 0.577, 0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), (i2 = o.4o8 x 1 0 1 2 q3 = ( 0.313,-0.671,-0.671), P 3 = ( 0.000,-0.707, 0.707), M<3 = 0.286 x 1 0 1 2 
u^/u^ = -0.581, u^/u^  = o.4i8, G = +o.l94c112 -o.090Cl66 -o.l94c123 +0.318 x 10 12 
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TABLE 13- (CONTINUED) 
INTERACTION NUMBER 15 
q 1 = ( 0.707., 0.707, 0.000), P 1 = ( 0.707, 0.707, 0.000), M- = 2.203 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), ^ = 0.408 x 1 0 1 2 
q 3 = ( 0.679, 0.679,-0.281), P 3 = (-0.707, 0.707, 0.000), |J, = 0.276 x 1 0 1 2 
^ 2 ^ 1 = - ° - 3 7 2 > ^3/^1 = °- 6 29 ; G - -O.196C I I : L +O.196C I I 2 - O . O S I C ^ -O.O8IC I 6 6 
+0.L62C 1 | 5 6 -1.923 x 1 0 1 2 
INTERACTION NUMBER L6 
q 1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), ^ = 2.376 x 1 0 1 2 
q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 1.000, 0.000), \i, = 0.754 x 1 0 1 2 
q 3 = (-0.840,-0.383,-0.383), P 3 = (-O.660, 0.531, 0.531), ^ 3 = 0.391 x 1 0 1 2 
u^/u^ = -0.388, o^/u^ = 0.612, G = + 0 . 2 0 0 0 ^ -0.105C L 6 6 +0.4-000^ g +O.890 x 10 
12 
INTERACTION NUMBER 17 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), u = 0.754 x 1 0 1 2 
A A Q "1 
q = ( 0.958,-0.287, 0.000), P = ( 0.000, 0.000, 1.000) , |I, = 0.754 x 10 
q 3 = ( 0.423, 0.906, 0.000), P 3 = ( 0.827,-0.562, 0.000), N 3 = 0.408 x 1 0 1 2 
o j g / ^ = -0.3 K5, OJ3/U)1 = 0.654, G = - 0 . 4 1 6 0 ^ +O.34OC I 6 6+O.243C 1 | 5 6 +0.251 x 1 0 1 2 
INTERACTION NUMBER 18 
q 1 = ( 0.707, 0.707, 0.000), P 1 - ( 0.000, 0.000, 1.000), u = 0.754 x 1 0 1 2 
A A "1 O 
q = ( 0.894, 0.447, 0.000), P = ( 0.000, 0.000, 1.000), ^ = 0.754 x 10 
q 3 = ( 0.323, 0.9^6, 0.000), P 3 = ( 0.872,-0.489, 0.000), (J, = 0.513 x 1 0 1 2 
w2/iv± = -0.628, EU = 0.372, G = - 0 . 2 0 4 0 ^ + 0 - ° 3 2 C L 6 6 +O.633C 1 | 5 6 +0.284 x 1 0 1 2 
INTERACTION NUMBER 19 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), [J, = 0.754 x 1 0 1 2 
^ P ^ P J- -J P 
q = (-0.577,-0.577, 0.577), P = (-0.707, 0 .707 , 0.000), ^ 2 = 0.4O8 x 10 
q 3 = ( O.699, 0.699,-0.155), P 3 = (-0.707, 0.707, 0.000), |J, = 0.247 x 1 0 1 2 
^2^1 = _ 0 - 2 5 6 ' ^ 3 / ^ = 0.744, G = - 0 . 3 4 8 0 ^ +0.348C L 6 6 +OO525 x 1 0 1 2 
TABLE 14. USEFUL INTERACTIONS FOR GOLD. VALUES OF THE SECOND 
ORDER CONSTANTS USED HERE ARE: 
12
 n , 2 „ „ , n 1 2 , / 2 „ . _ , „12 , , 2 CM 
= 0 420 X i o 1 2 
= 2 135 X i o 1 2 
= 1 952 X i o 1 2 
C L L = 1 , 8 6 X DYN/CM , = 0.420 x 10 DYN/CM' , C±2 = 1 .57 X 10 DYN/ 
INTERACTION NUMBER 1 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), P, 
q 2 = (-0.707, 0.707, o.ooo), P 2 = (-0.707, 0.707, o.ooo), i±2 
q 3 = ( 0.958, 0.286, 0.000), P 3 = ( 0.933, 0.360, 0.000), jj, 
= 0.733, U^/U^ = 1 . 7 3 3 , G = - o . 3 8 6 c i 6 6 - 0 .317 X 1 0 1 2 
INTERACTION NUMBER 2 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), = 0.420 X 1 0 1 2 
q 2 - ( 0.000, 1.000, 0.000), P 2 = ( 0.000, 1.000, 0.000), [iQ = 1.860 X 1 0 1 2 
q 3 = ( 0.648, 0.762, 0.000), P 3 = ( 0.664, 0.747, 0.000), ^ = 2 .129 X i o 1 2 
^2^1 = 2'k76> ^ 3 / ^ 1 = 3 - ^ 7 6 ' G = + 0 ' 9 9 0 0 1 6 6 + 1 ' 3 7 9 x 1 q 1 2 
INTERACTION NUMBER 3 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), P, = 0.420 X 1 0 1 2 
q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 0,000, 0.000, 1.000), P, = 0.420 X 1 0 1 2 
q 3 = ( 0.406, 0.914, 0.000), P 3 = ( 0.880,-0.476, 0.000), \i = 0.258 X 1 0 1 2 
U^/U^ = -0 .393, U^/U^ = 0.606, G = - 0 . 3 0 7 0 ^ + 0 . 2 5 2 C l 6 6 +0.432C^ 6 +0.168 x 
INTERACTION NUMBER 4 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), ^ 1 = 0.145 X 1 0 1 2 
q 2 = ( 0.447,-0.894, 0.000), P 2 = ( 0.000, 0.000, 1.000), ^2 = 0.420 x 1 0 1 2 
q 3 = ( 0 .915, o.4o4, 0.000), P 3 = ( 0.000, 0.000, 1.000), ^3 = 0.420 x 1 0 1 2 
i^/U^ = 0.6L6, cu = 1.6L6, G = + 0 . 3 8 5 0 ^ - 0 . 3 8 5 C l 6 6 - 0 . 1 1 2 x 10 12 
9h 
Table 14-. (Continued) 
12 
Interaction Number 5 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), u = 0 . 1 4 5 x 1 0 1 2 
A P A P ~| P 
q = ( 0.707,-0.707, 0.000), P = ( 0.000, 0.000, 1.000), ^ 2 = 0.420 x 10 
q 3 = ( 0.962, 0.274, 0.000), P 3 = ( 0.000, 0.000, 1.000), p, = 0.420 x 1 0 1 2 
u jg /u^ = 0.948, (jj / ( j ^ = 1.948, G = + 0 . 4 3 7 0 ^ - 0 . 4 3 7 C l 6 6 - 0 .127 x 1 0 1 2 
Interaction Number 6 
q l = ( 1.000, 0.000, 0.000), P 1 = ( 1.000, 0.000, 0.000), p, = 1.860 x 1 0 1 2 
q 2 = ( 0 .577, 0.577, 0.577), P 2 = (-0.408,-0.408, O . 816) , ^ = 0.237 x 1 0 1 2 
q 3 = ( 0.009,-0.707,-0.707), P 3 = ( 0.000,-0.707, 0.707), = 0.145 x 1 0 1 2 
u ^ / u ^ =-0.610, w = 0.390, G- = - 0 . 3 5 ^ ^ 2 +0.005C L 6 6 + ° - 3 5 4 c i 2 3 - 1 . 1 0 2 x 10 
Interaction Number 7 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.707, 0.707, 0.000), = 2 .135 x 1 0 1 2 
q 2 = ( -0.577, 0.577, 0.577), P 2 = ( 0.707, 0.707, 0.000), ^ = 0.237 x 1 0 1 2 
q 3 = ( 0.884 ,-0.046,-0.465), P 3 = ( 0.528, 0.033, 0.849), p, = 0.224 x L O 1 2 
c o g / ^ = -0 .453, u ^ / u ^ = 0.547, G = -o .096c l i ; L +O . 0 9 6 c i l 2 + 0 . 0 9 2 0 ^ +O . 0 9 2 C l 6 6 
+0.L84C^ 5 6 -0.497 x I O 1 2 
Interaction Number 8 
q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), | j , = 2 .135 x 1 0 1 2 
q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 1.000, 0.000, 0.000), | j , p = 1.860 x 1 0 1 2 
A Q A ^ "IP 
q3 = (-0.875, 0.483, 0.000), P- 3 = ( 0 .54 l , O.84I, 0.000), n 3 = 0.215 x 10 
u ^ / u ^ = -0.536, ui / u ) 1 = 0.464, G = -O.237C L I ; L + O . 1 7 0 C 1 1 2 +O.475C L 6 6 -0.5-86 x 10 
Interaction Number 9 
q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), |i = 2 .135 x 1 0 1 2 
A P A P "IP 
q = ( 1.000, 0.000, 0.000), P = ( 0.000, 0.000, 1.000), n = 0.420 x 10 
q 3 = (-0.892, 0.452, 0.000), P 3 = ( 0.000, 0.000, 1.000), JJ. = 0.420 x 1 0 1 2 
o jp /u^ = -0.306, u ^ / u ^ = 0.694, G = - 0 . 4 4 6 0 ^ - 0.446C I 6 6 - 0 . 4 5 2 c ^ 6 - 1 . 7 2 0 x I O 1 2 
12 
95 
T a b l e l 4 . (Co n t i n u e d ) 
Interaction Number 10 
q^  = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), JO, = 0.420 x 10 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p 2 = 0.237 x 10 1 2 q3 = ( 0.700, 0.700,-0.144), P 3 = (-0.707, 0.707, 0.000), ^ = 0.151 x 10 1 2 
u^/u^ = -0.238,
 w = 0.762, G = -0.3hkcihh + 0-344c i 6 6 +0.289 x i o 1 2 
Interaction Number 11 
q1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), ^  = 2.227 x IO 1 2 
q2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 1.000, 0.000), \i = 0.420 x 1 0 1 2 
q3 = (-0.864,-0.356,-0.356), P 3 = ( 0.000,-0.707, O.707), = 0.350 x 1 0 1 2 
12 ujg/^ = -0.357, 0)3/0^ = 0.642, G = -0.036C l i + [ f -0.575C l 6 6 +0.4070^ -1.159 x 10 
Interaction Number 12 
q1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), ^ = 0.145 x 1 0 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), ^  = 0.237 x 10 1 2 
q3 = ( 0.695, 0.695, 0.182), p 3 = (-0.146,-0.146, 0.978), ^  = 0.392 x 1 0 1 2 
ojg/^ = 0.325, u^/u^ = 1.325, G = +0.0420^ -0.1l4C112 -0.267Cl[f[f +0.267C l 6 6 
+ o . 0 7 3 C 1 2 3 + 0 . 3 5 0 x i o 1 2 
Interaction Number 13 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.420 x 1 0 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = ( 0.577, 0.577,-0.577), P 2 = 2.227 x 10 1 2 q3 = ( 0.686, 0.686, 0.241), p 3 = ( 0.681, 0.681, O.269), ^  = 2.166 x 1 0 1 2 
u^/u^ = 0.732, u^/u^ = 1.732, G = +0.276Cl[fi+ +0.173C l 6 6 +0.5530^ +0.533 x 10 
Interaction Number l4 
q1 = ( 1.000, 0.000, 0.000), P 1 = ( 1.000, 0.000, 0.000), p, = 1.860 x 10 1 2 
q 2 = ( 0.577, 0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p 2 = 0.237 x 10 1 2 q 3 = ( 0.009,-0.707,-0.707), P 3 = ( 0.000,-0.707, 0.707), P3 = 0.145 x 10 1 2 (Up/^ = -0.610, u^/u^ = 0.390, G = +0.204C 1 1 2 -0.003C l 6 6 -0.2040^ +O.636 x 1 0 1 2 
12 
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Table 14. (Continued) 
Interaction Number 15 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.707, 0.707, 0.000), p, = 2.135 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p, = 0.237 x 1 0 1 2 
A Q A ^ "IP 
qJ = ( O.667, 0.667,-0.330), P J = (-0.707, 0.707, 0„000), p, = 0.175 x 10 
u ^ / c i ^ = -o.Uoo, = 0.601, G = -O.193CI;LL
 +0
-
193C112 -0.0950^ -095C l 6 6 
+o.i9ic 1 + 5 6 -1.9^5 x 1 0 1 2 
Interaction Number 16 
q 1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), u. = 2.227 x 1 0 1 2 
A O A O ~l O 
q = ( 1.000, 0.000, 0.000), P = ( 0.000, 1.000, 0.000), p, = 0.420 x 10 
q3 = (-0.880,-0.335,-0.335), P 3 = (-0.547, 0.592, 0.592), p ^ = 0.263 x 1 0 1 2 
o j p / ^ = -0.408, u ^ / u ^ = 0.592, G = +0.245C1^ +0.037Cl66 +0.490C^6 +1.093 x 10 
Interaction Number 17 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.420 x 10 1 2 
q 2 = ( 0.958,-0.287, 0.000), P 2 = ( 0.000, 0.000, 1.000), p 2 = 0.420 x 10 1 2 
12 
q3 = ( o.44o, 0.898, 0.000), p 3 = ( 0.863,-0.505 0.000), p, = 0.238 x 1 0 1 2 
c u g / u ^ = -0.328, eu = 0.672, G = -0.385C l l + 1 + +0-349C L 6 6 +0.262CU56 +O.I56 x 10 
Interaction Number 18 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.420 x 1 0 1 2 
q2 = ( 0.894, 0.447, 0.000), P 2 = ( 0.000, 0.000, 1.000), p, = 0.420 x 1 0 1 2 
q3
 =
 ( 0.343, 0.939, 0.000), P 3 = ( 0.909,-0.418, 0.000), p, = 0.295 x 1 0 1 2 
CJU2/(JD:L = -0.614,
 U ) 3 / u ) 1 = 0.386, G = -0 .1490^ +o.073Cl66 +o.674cU56 +0.184 x io12 
Interaction Number 19 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.420 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p, = 0.237 x 1 0 1 2 
A Q A ^ "IP 
q3 = ( 0.700, o.700,-o.i44), p J = (-0.707, 0.707, 0.000), p, = 0.151 x 10 
W 2 ^ 1
 =
 ~ ° '
2 3 Q > ^3/^1 = 0 - ? 6 2 > G = - ° - 3 ^ C l U 1 + + 0 - 3 1 + i + C l 6 6 +0.289 x 1 0 1 2 
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Table 15. Useful Interactions for Germanium. Values of the second 
order constants used here are: 
Interaction Number 1 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), ij. = O.67I x 1 0 1 2 
q2 = (-0.707, 0.707, 0.000), P 2 = (-0.707, 0.707, 0.000), (j, = 1.557 x 1 0 1 2 
A "3 A "3 "IP 
Q = ( 0.992, 0.12Q, 0.000), P-3 = ( 0.974, 0.228, 0.000), P 3 = 1.313 x 10 
UJG/U^ = 0.248, U^/U^ = 1.248, G = -°-644ci66 -0.547 X 1 0 1 2 
0.671 X 1 0 1 2 
1.289 X 10 
1.452 X 1 0 1 2 
Interaction Number 2 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), P, = 
q 2 = ( 0.000, 1.000, 0.000), P 2 = ( 0.000, 1.000, 0.000), \x2 = 
q3 = ( 0.917, 0.400, 0.000), P 3 = ( 0.850, 0.527, 0.000), (j, = 
(UG/O^ = 0.605, U^/U^ = 1.605, G = + 0 - 8 2 3 C L 6 6 +1.109 x 1 0 1 2 
Interaction Number 3 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), n = O.67I X 1 0 1 2 
A O A P "IP 
q = ( 1.000, 0.000, 0.000), P = ( 0.000, 0.000, 1.000) , n 2 = O.67I x 10 
q 3 = ( 0.472, 0.881, 0.000), P 3 = ( 0.817,-0.576, 0.000), n = 0.470 x 1 0 1 2 
IDG/U^ = -0.328, U) = 0.671, G = - 0 . 3 5 9 0 ^ +0.273C L 6 6 +0.317C^ 6 +0.391 X 10 
Interaction Number 4 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), |JL = 0.403 x 1 0 1 2 
A P A O IP 
q = ( 0.447,-0.894, 0.000), P = ( 0.000, 0.000, 1.000), P, = O.67I X 10 
A *3 A *3 "IP 
q^  = ( 0.823, 0.567, 0.000), P^ = ( 0.000, 0.000, 1.000), ^ 3 = 0.671 x 10 
UJG/U^ = 0.236, cu /A^ = 1.236, G = + 0 . 4 3 8 0 ^ -°-^ 38Cl66 -0.353 X 1 0 1 2 
12 
C = 1.289 x 1 0 1 2 dyn/cm2, C, . = O.67I X 1 0 1 2 dyn/cm2, C
 p = 0.483 X 1 0 1 2 dyn/cm2. 
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TABLE 15. (CONTINUED) 
INTERACTION NUMBER 5 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), = 0.403 X 1 0 1 2 
Q 2 = ( 0.707,-0.707, 0.000), P 2 = ( 0.000, 0.000, 1.000), P, = O.67I X 1 0 1 2 
Q 3 = ( 0.861, 0.509, 0.000), P 3 = ( 0.000, 0.000, 1.000), = O.67I X 1 0 1 2 
CUG/^ = 0.332, co = 1.332, G = +0.484C I L + I | -0.484C I 6 6 -0.390 X 1 0 1 2 
INTERACTION NUMBER 6 
Q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 1.000, 0.000, 0.000), [I = 1.289 X 1 0 1 2 
Q 2 = ( 0.577, 0.577, 0.577), P 2 = (-0.408,-0.408, O.816), P, = 0.492 X 1 0 1 2 
F\0 F\ Q "IP 
Q 3 = ( 0.675,-0.521,-0.521), P 3 = ( 0.000,-0.707, 0.707), M-3 = 0.525 X 10 
U^/U^ = -0.466, U^/U^ = 0.533, G = -0.26LC 1 1 2 +0.338C L 6 6 +0.26LC 1 2 3 +O.183 X 10 
INTERACTION NUMBER 7 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.707, 0.707, 0.000), P, = 1.557 X 1 0 1 2 
Q 2 = (-0.577, 0.577, 0.577), P 2 = ( 0.707, 0.707, 0.000), ^ = 0.492 X 1 0 1 2 
Q 3 = ( 0.902, 0.319,-0.291), P 3 = (-O.569, 0.633,-0.524), P, = 0.524 X 1 0 1 2 
(JJG/^ = -0.328, EU = O.672, G = + 0 . 1 4 6 0 ^ -0.L46C I L 2 -0.135C L L | 1 + -0.135C L 6 6 
-0.2690^
 6 +0.037 X 1 0 1 2 
INTERACTION NUMBER 8 
Q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), P, = 1.557 X 1 0 1 2 
A O A O "IP 
Q = ( 1.000, 0.000, 0.000), P = ( 1.000, 0.000, 0.000), P^ = 1.289 X 10 
Q 3 = (-0.833, 0.554, 0.000), P 3 = ( 0.625, 0.781, 0.000), n 3 = 0.435 X 1 0 1 2 
12 
(JU2/OJ-L = -0.325, U^/U^ = 0.675, G = -0.260C 1 1 : L +0.172C 1 1 2 +0.304C I 6 6 -0.717 X 1 0 1 2 
INTERACTION NUMBER 9 
Q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), P, = 1.557 X 1 0 1 2 
A P A P "IP 
Q = ( 1.000, 0.000, 0.000), P = ( 0.000, 0.000, 1.000), P,P = 0.671 X 10 
A Q A ^ "10 
Q-3 = (-0.817, 0.576, 0.000), P 3 = ( 0.000, 0.000, 1.000), P^ = O.67I X 10 
CUP/U^ = -0.195, U^/U^ = 0.806, G = - 0 . 4 0 9 C - 0 . 4 0 9 C L 6 6 -0.576C^ 6 -1.111 X 1 0 1 2 
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TABLE 15. (CONTINUED) 
INTERACTION NUMBER 10 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.671 x 10 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p 2 = 0.492 X 10 1 2 
q3 = ( 0.705, 0.705,-0.076), P 3 = (-0.707, 0.707, 0.000), p 3 = 0.405 X IO 1 2 
w2^i = -°-127> ^/^I = 0- 8? 3> G = -0.3i9Cll+1+ +o .3 l9C l 6 6 +0.428 X io 1 2 
INTERACTION NUMBER 11 
q1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), nn = 1.646 X 10 1 2 
A O A O I O 
q = ( 1.000, 0.000, 0.000), P = ( 0.000, 1.000, 0.000), | i ? = O.67I x 10 q3 = (-0.768,-0.453,-0.453), P 3 = ( 0.000,-0.707, 0.707), p 3 = 0.561 X 1 0 1 2 
= -0.256, w3/ui1 = 0.744, G = +o .033C l l + 1 + -0-576c l 6 6 +0.3620^^ -0.695 X 10 
INTERACTION NUMBER 12 
q1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), | j , = 0.403 x 10 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), ^ = 0.492 X 10 1 2 
q3 = ( 0.704, 0.704, 0.086), P 3 = (-0.079,-0.079, 0.994), ^ 3 = 0.664 X 10 1 2 
w2^wl = °'lhQ> ^/^i = 1- l h Q> G = + 0 - 0 2 3 C m -°-°58cii2 "°'283Ci44 + 0* 2 8 3 Ci66 
+0.035C1 2 3 +0.487 X io 1 2 
INTERACTION NUMBER 13 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), | j , = O.67I x 10 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = ( 0.577, 0.577,-0.577), P 2 = 1.646 X io 1 2 
q3 = ( 0.701, 0.701, 0.130), P 3 = ( 0.697, 0.697, 0.166), p 3 = 1.567 X 10 1 2 
J /ii) = O.^NN. m An = 1.^00. a = +o.^ 64c ,, +0.286C _ +0. uon/w1 = 0.300, u ^ / u ^ = 1.300, G = +0.3640^ +0.286Cl66 +0.727C^56 +O.696 X 10 12 
INTERACTION NUMBER 14 
q1 = ( 1.000, 0.000, 0.000), P 1 = ( 1.000, 0.000, 0.000), p, = 1 .289 x 1 0 1 2 
q2 = ( 0.577, 0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p 2 = 0.492 X 1 0 1 2 
q3 = ( 0.675,-0.521,-0.521), P 3 = ( 0.000,-0.707, 0.707), | i 3 = 0.525 X 1 0 1 2 
w2^l = -°-k66> ^3/°°! = °-533, G = +0 .151C 1 1 2 -o.l95C l 6 6 -0.151C -0.106 X 10 12 
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TABLE 15. (CONTINUED) 
12 
INTERACTION NUMBER 15 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.707, 0.707, 0 . 0 0 0 ) , (X = 1.557 X 1 0 1 2 
Q 2 = ( -0 .577, -0 .577, 0.577) , P 2 = (-0.707, O . 707 , 0.000), ^ = 0.492 X 1 0 1 2 
Q 3 = ( 0.694, 0.694,-0.195), P 3 = (-0.707, 0.707, 0.000), p. = 0.413 X 1 0 1 2 
u ^ / u ^ = -0 .270, u> / u ^ = 0 . 7 3 1 , G = - 0 . 2 0 0 0 ^ +0 .200C 1 1 2 - 0 . 0 5 6 0 ^ - 0 . 0 5 6 C l 6 6 
+ o . H 3 C 1 + 5 6 - 1 . 3 0 1 X 1 0 1 2 
INTERACTION NUMBER 16 
Q 1 = ( -0 .577 , -0 .577 , -0 .577) , P 1 = ( 0.577, 0.577, 0.577), ^ = 1.646 X 1 0 1 2 
Q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 0 0000, 1.000, 0.000), jj, = O.67I x 1 0 1 2 
Q 3 = ( -0.786,-0.437,-0.437), P 3 = (-0.693, 0.509, 0.509), H 3 = 0.470 X 1 0 1 2 
0) 9/A) 1 = -0.294, 00 /u> = 0.706, G = +0 . 1 8JJC 1^ - 0 . 1 5 0 C l 6 6 +0.362C^ 6 +0.470 X 10 
INTERACTION NUMBER 17 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = O . 6 7 I x 1 0 1 2 
Q 2 = ( 0.958,-0.287, 0.000), P 2 = ( 0.000, 0.000, 1.000), p, = O . 6 7 I x 1 0 1 2 
Q 3 = ( 0 . 5 1 1 , 0.860, 0.000), P 3 = ( 0.800,-0.600, 0.000), p, = 0.452 X 1 0 1 2 
u ^ / u ^ = -0 .255 , ( i ^ / u ^ = 0.745, G = - 0 M 2 C L H H + 0 . 3 8 l C l 6 6 +0.L8LC^ 6 +0.4o4 X I O 1 2 
INTERACTION NUMBER 18 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), \X = O . 6 7 I x 1 0 1 2 
A P A P "IP 
Q = ( 0.894, 0.447, 0.000), P = ( 0.000, 0.000, 1.000), p, = 0.671 X 10 
Q 3 = ( 0.399, 0 .917, 0.000), P 3 = ( 0.850,-0.526, 0.000), p, = 0.508 X 1 0 1 2 
u ^ / u ^ = - 0 . 5 7 1 , u ^ / u ^ = 0.429, G = - 0 . 1 9 8 0 ^ + 0 . 0 6 2 C l 6 6 + 0 . 5 4 1 C ^ 6 +0.347 x I O 1 2 
INTERACTION NUMBER 19 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = O . 6 7 I x 1 0 1 2 
Q 2 = ( -0 .577, -0 .577, 0.577), P 2 = (-0.707, 0.707, 0.000), p , ? = 0.492 X 1 0 1 2 
A "-2 A Q "IP 
Q J = ( 0.705, 0.705,-0.076), P-3 = (-0.707, 0.707, 0.000), |J, = 0.405 X 10 
^ 2 ^ 1 = - ° - 1 2 7 ' ^ / ^ I = ° - 8 ? 3 , G = - 0 . 3 1 9 0 ^ + 0.319C L 6 6 +0.428 X 1 0 1 2 
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TABLE l 6 . USEFUL INTERACTIONS FOR SILICON. VALUES OF THE SECOND 
ORDER CONSTANTS USED HERE ARE: 
0.796 X io 1 2 
1.944 X 1012 1.688 12 X 10 
INTERACTION NUMBER 1 
Q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), p, 
q2 = (-0.707, 0.707, 0.000), P 2 = (-0.707, 0.707, 0.000), p . 2 
q3 = ( 0.989, 0.145, 0.000), P 3 = ( 0.973, 0.230, 0.000), p, 
o j g / ^ = 0.283, 0)3/0^  = 1.283, G = -0.628Cl66 -0.677 X 10 1 2 
INTERACTION NUMBER 2 
Q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), p, = 0.796 x 10 1 2 
A P A O "IP 
q = ( 0.000, 1.000, 0.000), P = ( 0.000, 1.000, 0.000), p,p = 1.657 x 10 
q3 = ( 0.903, 0.429, 0.000), P 3 = ( 0.848, 0.529, 0.000), p 3 = 1.846 X io 1 2 
u2/w± = O.685, 0)3/^ = 1.686, G = +0.842Cl66 +1.357 x 10 1 2 
INTERACTION NUMBER 3 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p = 0.796 x 10 1 2 
A P A P "IP Q = ( 1.000, 0.000, 0.000), P = ( 0.000, 0.000, 1.000) , p, = 0.796 X 10 
Q 3 = ( 0.489, 0.873, 0.000), P 3 = ( 0.820,-0.572, 0.000), p 3 = 0.575 x 10 1 2 
u j p / ^ = -0.311, u ^ / u ^ = O.689, G = -0.3530^ +0-283Cl66 +0.308c^ 56 +0.489 X 10 
INTERACTION NUMBER 4 
q1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p. = 0.509 X 10 1 2 
A P A P "IP 
q = ( 0.447,-0.894, 0.000), P = ( 0.000, 0.000, 1.000), pp = 0.796 X 10 
q3 = ( 0.811, 0.586, 0.000), P 3 = ( 0.000, 0.000, 1.000), p. = 0.796 x 10 1 2 
u ^ / u ^ = 0.202, u) = 1.202, G = +0.4430^  -0.443Cl66 -0.451 x 10 1 2 
12 
C = 1.657 X 1012 DYN/CM 2, C,, = 0.796 X 1012 DYN/CM 2, C = 0.639 x 1012 DYN/CM 2. 
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Table 1 6 . (Continued) 
Interaction Number 5 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p, = 0.509 x 1 0 1 2 
» Q A O ~l P 
q = ( 0.707,-0.707, 0.000), p = ( 0.000, 0.000, 1.000), p, = 0.796 x 10 
q 3 = ( 0.845, 0.535, 0.000), p 3 = ( 0.000, 0.000, 1.000), p, = 0.796 x 1 0 1 2 
u ^ / u ^ = 0 .281 , uj = 1 .282 , G = + 0 . 4 8 8 0 ^ - o . 4 8 8 c i 6 6 -0.497 x 1 0 1 2 
12 
Interaction Number 6 
q 1 = ( 1.000, 0.000, 0.000), p 1 = ( 1.000, 0.000, o.ooo), p, = 1.657 x 1 0 1 2 
q 2 = ( 0 . 5 7 7 , 0 . 5 7 7 , 0 . 5 7 7 ) , P 2 = ( - 0 . 4 0 8 , - 0 . 4 0 8 , 0 . 8 l 6 ) , p, = 0.605 x 1 0 1 2 
q 3 = ( 0 . 6 4 1 , - 0 . 5 4 3 , - 0 . 5 4 3 ) , P 3 = ( 0 . 0 0 0 , - 0 . 7 0 7 , 0 . 7 0 7 ) , \i3 = 0.627 x 1 0 1 2 
^ 2 ^ 1 = - ° - ^ 8 0 ' ^ 3 / ^ 1 = 0-520, G = - 0 . 2 7 1 C 1 1 2 + 0 . 3 2 0 0 ^ + 0 . 2 7 1 C 1 2 3 + 0 . 1 8 4 x 1 0 
Interaction Number 7 
q 1 = ( 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , P 1 = ( 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , p. = 1 . 9 4 4 x 1 0 1 2 
q 2 = ( - 0 . 5 7 7 , 0 . 5 7 7 , 0 . 5 7 7 ) , P 2 = ( 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , ^ = O.605 x 1 0 1 2 
q 3 = ( 0 .903, 0 . 3 1 3 , - 0 . 2 9 5 ) , P 3 = ( - 0 . 5 4 7 , 0 . 6 2 9 , - 0 . 5 5 3 ) , p ^ = 0 . 6 4 4 x 1 0 1 2 
u ^ / u ^ = - 0 . 3 3 1 , u ^ / u ^ = 0.669, G = + 0 . 1 4 1 0 ^ - 0 . 1 4 1 C 1 1 2 - 0 . 1 4 2 0 ^ - 0 . 1 4 2 0 ^ 
- 0 . 2 8 5 C ^ 5 6 +0 .029 x 1 0 1 2 
Interaction Number 8 
q 1 = ( - 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , P 1 = ( - 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , p, = 1 . 9 4 4 x 1 0 1 2 
q 2 = ( 1 . 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ) , P 2 = ( 1 . 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ) , p, = 1.657 x 1 0 1 2 
A Q A "3 "IP 
q 3 = ( - 0 . 8 3 2 , 0 . 5 5 5 , 0 . 0 0 0 ) , P 3 = ( 0 . 6 l 6 , 0 .788, 0 . 0 0 0 ) , p, = 0 . 5 4 4 x 1 0 
u ^ / u ^ = -0 .326, u) = 0.674, G = -O .256C I I ; L + ° . I 8 I C 1 1 2 + 0- 3 I L K : :I66 - ° - 8 7 0 x 1 0 
Interaction Number 9 
q 1 = ( - 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , P 1 = ( - 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , p, = 1 . 9 4 4 x 1 0 1 2 
q = ( 1 . 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ) , P = ( 0 . 0 0 0 , 0 . 0 0 0 , 1 . 0 0 0 ) , p, = 0.796 x 1 0 
q 3 = ( - 0 . 8 2 3 , O.568, 0 . 0 0 0 ) , P 3 = ( 0 . 0 0 0 , 0 . 0 0 0 , 1 . 0 0 0 ) , p, = 0.796 x 1 0 1 2 
u o g / u ^ = - 0 . 2 0 3 , u ^ / u ^ = 0 . 7 9 7 , G = - 0 . 4 1 2 0 ^ - 0 . 4 1 2 C l 6 6 -0.5680^ 6 -1 .397 x 1 0 1 2 
1 2 
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Table 16. (Continued) 
Interaction Number 10 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), IJ, = 0.796 x 10 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p g = 0.605 x 10 1 2 
q3 = ( 0.705, 0.705,-0.067), P 3 = (-0.707, 0.707, 0.000), p 3 = 0.510 x 10 1 2 
u j p / ^ = -0.113, u ^ / u ^ = 0.887, G = -o.3i6c i l + i f +o.3i6c i 6 6 +0.502 x 10 1 2 
Interaction Number 11 
q 1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), P n = 2.0+0 x 10 1 2 
A P A P J_2 
q = ( 1.000, 0.000, o.ooo), p = ( 0.000, 1.000, o.ooo), p p = 0.796 x 10 
q3 = (-0.772,-0.450,-0.450), P 3 = ( 0.000,-0.707, 0.707), p 3 = 0.680 x 10 1 2 
=





7 k l > G = + 0 - 0 3 0 C i 44 "°* 5 7 6 c i66 + 0 ' 3 6^ c lf56 _ 0 - 8 7 1 x 1 0 
Interaction Number 12 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), IJ, = 0.509 x 10 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = ( - 0 . 7 0 7 , 0.707, 0.000), p p = 0.605 x 10 1 2 
q3 = ( 0.705, 0.705, 0.075), P 3 = (-0.066,-0.066, 0.996), ^ = 0.791 x 10 1 2 
o j g / ^ = 0.129, w3/w± = 1.129, G = + 0 . 0 1 9 C 1 1 ; L -°-°50C 1 1 2 -0.2850^ +0.285Cl66 
+o.03ic 1 2 3 +0.562 x 10 1 2 
Interaction Number 13 
q1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.796 x 10 1 2 
q2 = (-0.577,-0.577, 0.577), P 2 = ( 0.577, 0.577,-0.577), p 2 = 2.040 x 10 1 2 
q3 = ( 0.700, 0.700, 0.138), P 3 = ( 0.697, 0.697, 0.169), P 3 = 1.956 x IO 1 2 
w2/w1 = 0.322, u) = 1.323, G = +0.3590^ +0.280Cl66 +0.7190"^ 6 +0.845 x 10 
Interaction Number 14 
q 1 = ( 1.000, 0.000, 0.000), p 1 = ( 1.000, 0.000, o.ooo), p, = 1.657 x 10 1 2 
q2 = ( 0.577, 0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p = O.605 x 10 1 2 
A Q A P "IP 
qJ = ( 0.641,-0.543,-0.543), P = ( 0.000,-0.707, 0.707), P 3 = 0.627 x 10 





TABLE 16. (CONTINUED) 
INTERACTION NUMBER 15 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.707, 0.707, 0.000), P, = 1.944 x 1 0 1 2 
Q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p 2 = 0.605 x 1 0 1 2 
Q 3 = ( 0.694, 0.694,-0.195), P 3 = (-0.707, 0.707, 0.000), P, = 0.520 x 1 0 1 2 
= -0.267, a) = 0.733, G = -0.200C I ; L L +0.200C 1 1 2 - 0 . 0 5 6 0 ^ -0.056C L 6 6 
+0.113C 1 + 5 6 -1.629 x I O 1 2 
INTERACTION NUMBER L6 
Q 1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), P 1 = 2.040 x 1 0 1 2 
Q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 1.000, O.OOO), p 2 = 0.796 x 1 0 1 2 
Q 3 - (-0.788,-0.436,-0.436), P 3 = (-0.682, 0.517, 0.517), P 3 = 0.583 x 1 0 1 2 
^ 2 h ± = -0.291, u ^ / u ^ = 0.708, G = +0.L87C L L + U -O.L34C I 6 6 +O.374C 1 + 5 6 +0.610 x 10 
INTERACTION NUMBER 17 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), P, = 0.796 x 1 0 1 2 
Q 2 = ( 0.958,-0.287, 0.000), P 2 = ( 0.000, 0.000, 1.000), p 2 = 0.796 x 1 0 1 2 
12 
Q 3 = ( 0.525, 0.851, 0.000), P 3 = ( 0.802,-0.597, 0.000), p 3 = 0.557 x 1 0 1 2 
u j p / ^ = -O.238, u ^ / u ^ - 0.762, G = -0.430C L L +^ +0.389C L 6 6 +0.175C^ 5 6 +O.509 x 10 
INTERACTION NUMBER L8 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), P, » 0.796 x 1 0 1 2 
A P AP IP 
Q = ( 0.894, 0.447, 0.000), P = ( 0.000, 0.000, 1.000), p g = 0.796 x 10 
Q 3 = ( 0.415, 0.910, 0.000), P 3 = ( 0.855,-0.519, 0.000), p 3 = 0.6L6 x 1 0 1 2 
OOG/u^ = -0.557, u ^ / u ^ = 0.443, G = -0.L86C L J + J + +0.075C L 6 6 +0.5340"^ 6 +0.430 x 10 
INTERACTION NUMBER 19 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p = 0.796 x 1 0 1 2 
Q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p = O.605 x 1 0 1 2 
A P A P "IP 
Q-3 = ( 0.705, 0.705,-0.067), P = (-0.707, 0.707, 0.000), p 3 = 0.510 x 10 " 
UUG/u^ = -0.113, w3/(u± = 0.887, G = -0.3L6C I L + 1 + +O.3L6C I 6 6 +0.502 x I O 1 2 
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T a b l e 17. U s e f u l I n t e r a c t i o n s f o r Po ta s s ium C h l o r i d e . Va lues o f the second 
o rde r c o n s t a n t s used he re a r e : 
I n t e r a c t i o n Number 1 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), (j, = 0.006 x 1 0 1 2 
q 2 = (-0.707, 0.707, 0.000), P 2 = (-0.707, 0.707, 0.000), p, = 0.236 x 1 0 1 2 
q 3 = ( 0.805, 0.593, 0 . 0 0 0 ) , P 3 = ( O.967, 0.253, 0 .000) , p, = 0.269 x 1 0 1 2 
u j g / ^ = 3.689, c o 3 / c o 1 = 4.689, G = - 0 . 1 5 1 C l 6 6 -0.112 x 1 0 1 2 
I n t e r a c t i o n Number 2 
q 1 = ( 0.707, 0.707, 0 .000) , P 1 = (-0.707, 0.707, 0.000), \j, = 0.168 x 1 0 1 2 
q 2 = ( 0 . 4 4 7 , - 0 . 8 9 4 , 0 .000) , P 2 = ( 0.000, 0.000, 1.000), |j, = 0.006 x 1 0 1 2 
q 3 = (-0.122, 0.993, 0.000), P 3 = ( 0.000, 0.000, 1.000), p, = 0.006 x 1 0 1 2 
u j g / u ^ = - 0 . 4 5 4 , u ^ / u ^ = 0.546, G = +0.kYJClhk - 0 . 4 l 7 C l 6 6 - 0 . 1 4 0 x 1 0 1 2 
I n t e r a c t i o n Number 3 
q 1 = ( 0.707, 0.707, 0 .000) , P 1 = (-0.707, 0.707, 0.000), p. = 0.168 x 1 0 1 2 
A O A O 10 
q = ( 0 .707,-0.707, 0 .000) , P = ( 0.000, 0.000, 1.000), p, = 0.006 x 10 
q 3
 =
 (-0.393, O.9I9, 0 .000), P 3 = ( 0.000, 0.000, 1.000), (j, = 0.006 x 1 0 1 2 
c u g / ^ = -0 .481, u ) 3 / u ) 1 = 0.518, G = + 0 . 1 8 6 0 ^ -o . i 8 6 c i 6 6 -0.063 x 1 0 1 2 
I n t e r a c t i o n Number 4 
q 1 = ( 1.000, 0.000, 0.000), p 1 = ( 1.000, 0.000, o.ooo), p, = 0.398 x io 1 2 
q 2 = ( 0.577, 0.577, 0 .577) , P 2 = ( - 0 . 4 0 8 , - 0 . 4 0 8 , 0 .8 l6 ) , u. = 0 . 1 1 4 x 1 0 1 2 
A Q A ^2 "IP 
q J = ( 0 .516 , -0 .606, -0 .606) , P J = ( 0.000,-0.707, 0.707), ^ = 0.125 x 10 
u j p / u ^ = -0.500, u ^ / u ^ = 0.499, G = -o .303C 1 1 2 +o . 2 5 8 c i 6 6 +o.303C 1 2 3 +0.065 x 10 12 
C = 0.398 x 1 0 1 2 dyn / cm 2 , C. . = 0.00625 x 1 0 1 2 dyn / cm 2 , C = 0.062 x 1 0 1 2 dyn /cm 2 . 
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Table 1 7 . (Continued) 
Interaction Number 5 
q 1 = ( 0.707, 0.707, 0.000), P 1 - ( 0.707, 0.707, 0.000), \l = 0.236 x 1 0 1 2 
q 2 = (-0.577, 0.577, 0.577), P2 = ( 0.707, 0.707, 0.000), p ^ = 0.114 x 10 1 2 
q 3 = ( 0.909, 0.267,-0.321), P3 = ( 0.085,-0.323, 0.943), m = 0.047 x 1 0 1 2 
u)2/(jj1 = -0.465, u)3/(jj1 = 0.536, G = -o.033Cli;L +o.033C112 +0.2420^ +o.242C l 6 6 




Interaction Number 6 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p, = 0.168 x 10 1 2 
AO AO -| q 
q = ( 0.577, 0.577, 0.577), P = (-0.408,-0.408, 0.8l6), p, = 0.114 x 10 
A Q A ^ 2 "j p 
q 3 = ( 0.707, 0.707,-0.033), P = (-0.707, 0.707, 0.000), \i = 0.168 x 10 
u j g / ^ = -0.045, u ) 3 / u ) 1 = 0.955, G = -o.ii8c 1 1 ; L +o.353C 1 1 2 +o.oo5C l l + 1 + -0.005C l 6 6 
- o . 2 3 6 c l 2 3 - 0 . 0 8 2 x i o 1 2 
Interaction Number 7 
q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p, = 0.236 x 10 1 2 
q 2 = ( 1.000, 0.000, 0.000), p 2 = ( 1.000, 0.000, o.ooo), p, = 0.398 x 10 1 2 
A Q A Q "IP 
q 3 = (-0.749, 0.662, 0.000), P3 = ( 0.459, 0.888, 0.000), \t, = 0.161 x 10 
(Up / u ^ = -0.120, co - 0.880, G = -0.1720^ +0.4160^ +0.36lC l 6 6 -0.057 x 10 
Interaction Number 8 q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p, = 0.236 x 10 1 2 ao ^2 12 q = ( 1.000, 0.000, 0.000), P = ( 0.000, 0.000, 1.000) , p, = 0.006 x 10 
fa O fa O "IP 
q 3 = (-0.979, 0.204, 0.000), P3 = ( 0.000, 0.000, 1.000), p, = 0.006 x 10 
( j j g / ^ = -0.436, oj = 0.563, G = -0.4890^ -°- 4 89C l 6 6 - 0- 20^^ 5 6 -0.226 x 1 0 1 2 
Interaction Number 9 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.006 x 10 1 2 q 2 = (-0.577,-0.577, 0.577), P2 = (-0.707, 0.707, 0.000), p, = 0.114 x 10 1 2 
fa O fa o "IP q 3 = ( O.638, O.638, 0.431), P3 = (-0.707, 0.707, 0.000), p, = 0.138 x 10 cjOp/u^ = 2.108, w^/oi± = 3.109, G = -0 0850^ +0.085C l 6 6 + .001 x 1 0 1 2 
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T a b l e 17. (Cont inued) 
I n t e r a c t i o n Number 10 
q 1 = ( -0 .577 , -0 .577 , -0 .577) , P 1 = ( 0.577, 0.577, 0.577), ^ = 0.182 x 1 0 1 2 
A P A P "IP 
q = ( 1.000, 0.000, 0.000), P = ( 0.000, 1.000, 0.000), p 2 = 0.006 x 10 
q 3 = ( -0 .877 , -0 .340 , -0 .340) , P 3 = ( 0.000,-0.707, 0.707), p Q = 0.044 x 1 0 1 2 <X>R 3 
/ u^ = -0.169, u^/u^ = 0.831, G = -o.o46cil+1+ -o.574ci66 +o . 4 i 3 C 1 + 5 6 -0.110 x 10 
12 
I n t e r a c t i o n Number 11 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), \I = 0.168 x 1 0 1 2 
q 2 = ( -0 .577,-0.577, 0 .577) , P 2 = (-0.707, 0.707, 0.000), p 2 = 0.114 x I O 1 2 
q 3 = ( 0.691, 0 .691, -0 .213) , P 3 = ( 0.049, o .o49, 0.998), p, = 0.023 x i o 1 2 
tug/u^ = -0 .451, ( U 3 / u ) 1 = 0.549, G = - O . O l ^ C ^ +0 .101C 1 1 2 - 0 . 2 7 7 0 ^ + 0.277C L 6 6 
- 0 . 0 8 7 C 1 2 3 +0.001 x I O 1 2 
I n t e r a c t i o n Number 12 
q 1 = ( 0.707, 0.707, 0 .000) , P 1 = ( 0.000, 0.000, 1.000), p = 0.006 x 1 0 1 2 
q 2 = ( -0 .577,-0.577, 0 .577) , P 2 = ( 0.577, 0 .577, -0 .577) , P 2 = 0.182 x 1 0 1 2 





7 0 5 j
 ^3/^1 = 3.705, G = + o . 2 0 2 C l l + 1 + + o . o 8 6 c i 6 6 +0.405C^ 6 +0.064 x io12 
I n t e r a c t i o n Number 13 
q1 = ( 1.000, 0.000, 0 .000) , P 1 = ( 1.000, 0.000, o.ooo), p = 0.398 x 1 0 1 2 
q 2 = ( 0.577, 0.577, 0 .577) , P 2 = (-0.707, 0.707, 0 .000) , p 2 = 0.114 x 1 0 1 2 
q 3 = ( 0 .516 , -0 .606, -0 .606) , P 3 = ( 0.000,-0.707, 0.707), P 3 = 0.125 x 1 0 1 2 
u^/u^ = -0 .501, uj = 0.499, G - +0 .175C 1 1 2 - 0 . l 4 9 C l 6 6 - 0 . 1 7 5 C 1 2 3 -0.038 x 1 0 1 2 
I n t e r a c t i o n Number 14 
q 1 = ( 0.707, 0.707, 0 .000) , P 1 = ( 0.707, 0.707, 0.000), p = 0.236 x 1 0 1 2 
q 2 = ( -0 .577,-0.577, 0 .577) , P 2 = ( - 0 . 7 0 7 , 0.707, 0 . 0 0 0 ) , p p = 0.114 x I O 1 2 
A P A P "IP 
q J = ( 0.706, 0 .706, -0 .060) , P J = (-0.707, 0.707, 0.000), p 3 = 0.167 x 10 
u^/u^ = -0 .079, W3/W1 = 0.921, G = - 0 . 2 0 ^ 1 1 ; L +0 .204C 1 1 2 - 0 . 0 1 7 0 ^ - 0 . 0 1 7 C l 6 6 
+ 0 . 0 3 5 C ^ 6 -0.195 x 1 0 1 2 
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T a b l e 17 . (Cont inued) 
I n t e r a c t i o n Number 15 
q 1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), \x± - 0.182 x 1 0 1 2 
q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 1.000, 0.000), p p = 0.006 x 1 0 1 2 
q 3 = (-0.786,-0.1+37,-0.437), P 3 = (-0.201, 0.693, 0.693), P 3 = 0.087 x 1 0 1 2 
o u g / ^ = -0.086, u^/u^ = 0.914, G = +O.354C I L + 1 + +O.4OIC L 6 6 +0.708C 1 + 5 6 +0.094 x 1 0 1 2 
I n t e r a c t i o n Number 16 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p = 0.006 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p 2 = 0.114 x I O 1 2 
q 3 = ( 0.638, O.638, 0.431), P 3 = (-0„707, 0.707, 0.000), ^ = 0.138 x 1 0 1 2 
CDg/u^  = 2.108, u ^ / u ^ = 3.109, G = -0.085C L L + 1 + +0.085C L 6 6 +0.001 x 1 0 1 2 
I n t e r a c t i o n Number 17 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), p = 0.006 x I O 1 2 
q 2 = (-0.894, 0.447, 0.000), p 2 = ( 0.993,-0.114, 0.000), p, = 0.323 x I O 1 2 
A P A p "IP 
q5 = ( 0.932, 0.362, 0.000), P J = ( 0.997, 0.079, 0.000), p 3 = 0.349 x 10 
ujg/o^ = 3.510, 0)3/0^  = 4.511, G = +0.115C L 6 6 +0.012 x I O 1 2 
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T a b l e 18. U s e f u l I n t e r a c t i o n s f o r S o d i u m C h l o r i d e . V a l u e s o f t h e s e c o n d 
o r d e r c o n s t a n t s u s e d h e r e a r e : 
I n t e r a c t i o n N u m b e r 1 
q 1 = ( 1 . 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ) , P 1 = ( 0 . 0 0 0 , 1 . 0 0 0 , 0 . 0 0 0 ) , p, = 0.126 x 1 0 1 2 
fa P A C * IP 
q = ( - 0 . 7 0 7 , 0.707, 0 . 0 0 0 ) , P = ( - 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , p , 2 = 0 . 4 3 2 x 1 0 
q 3 = ( O.963, 0 . 2 7 0 , 0 . 0 0 0 ) , P 3 = ( O.98O, 0.198, 0 . 0 0 0 ) , p. = 0 . 4 7 4 x 1 0 1 2 
CD2/(JD1 = 0.573, u y ^ = 1.573, G = - 0 . 5 4 2 C l 6 6 - O.187 x 1 0 1 2 
I n t e r a c t i o n N u m b e r 2 
q 1 = ( 1 . 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ) , P 1 = ( 0 . 0 0 0 , 1 . 0 0 0 , 0 . 0 0 0 ) 
q 2 = ( 0 . 0 0 0 , 1 . 0 0 0 , 0 . 0 0 0 ) , p 2 = ( 0 . 0 0 0 , 1 . 0 0 0 , 0 . 0 0 0 ) 
q 3 = ( 0.853, 0.522, 0 . 0 0 0 ) , P 3 = ( 0.893, 0 . 4 5 0 , 0 . 0 0 0 ) 
o j g / u ^ = 1 . 2 0 2 , u) / u ^ = 2 . 2 0 3 , G = + 0 . 8 5 0 0 ^ + 0 . 2 0 3 x 1 0 
I n t e r a c t i o n N u m b e r 3 
q 1 = ( 0 . 7 0 7 , 0 . 7 0 7 , 0 . 0 0 0 ) , P 1 = ( 0 . 0 0 0 , 0 . 0 0 0 , 1 . 0 0 0 ) , p, = 
q 2 = ( 1 . 0 0 0 , 0 . 0 0 0 , 0 . 0 0 0 ) , P 2 = ( 0 . 0 0 0 , 0 . 0 0 0 , 1 . 0 0 0 ) , p, = 
q 3 = ( 0.937, 0.350, 0 . 0 0 0 ) , P 3 = ( - 0 . 2 6 8 , 0 . 9 6 4 , 0 . 0 0 0 ) , p , 3 = 
> ^ 2 
= 0.126 X I O 1 2 
= 0 . 4 8 7 X 1 0 1 2 
, M'O 
12 3 
= 0 . 4 4 5 X 1 0 1 2 
N^L2 
X 1 0 
X 1 0 
N^L2 
X 1 0 
c o g / ^ = 1.185, (1)3/0^  = 2.185, G = +0.239C L L + U -0.177C L 6 6 +0.572C^ 6 +0.015 x 10 
I n t e r a c t i o n N u m b e r 4 




 ( 0.447,-0.894, 0.000), P 2 = ( 0.000, 0.000, 1.000), p , 2 = 0.126 x 10 " 
1 2 
q 3 = ( 0.609, 0.793, 0.000), P 3 = ( 0.000, 0.000, 1.000), n 3 = 0.126 x 1 0 1 2 
(DP/u^ = - 0 . 1 2 1 , c o 3 / c o 1 = 0 . 8 7 9 , G = + 0 . 4 9 1 C l l + i + - 0 . 4 9 1 0 ^ - 0 . 1 7 8 x 1 Q 1 2 
C = 0 . 4 8 7 x 1 0 1 2 d y n / c m 2 , C, , = 0.126 x 1 0 1 2 d y n / c m 2 , C = 0 . 1 2 4 x 1 0 1 2 d y n / c m 2 . 
110 
12 
T a b l e 18. (Cont inued) 
I n t e r a c t i o n Number 5 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p = 0.182 X 1 0 1 2 
Q 2 = ( 0.707,-0.707, 0.000), P 2 = ( 0.000, 0.000, 1.000), p p = 0.126 X 1 0 1 2 
Q 3 = ( 0.568, 0.823, 0.000), P 3 = ( 0.000, 0.000, 1.000), = 0.126 X 1 0 1 2 
U)2/U)1 = -0.153, U Y ^ = 0.847, G = +0.4920^ - 0 - ^ 9 2 0 ^ -0.179 X 1 0 1 2 
I n t e r a c t i o n Number 6 
Q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 1.000, 0.000, O.OOO), P, = 0.487 X 1 0 1 2 
A O A O "1 P 
q = ( 0.577, 0.577, 0.577), P = (-O.4o8,-O.4o8, 0.816), n = 0.163 X 10 
Q 3 = ( 0.580,-0.576,-0.576), P 3 = ( 0.000,-0.707, 0.707), P^ = 0.163 X 1 0 1 2 
U^/U^ = -0.499, U^/U^ - 0.500, G = -0.288C 1 1 2 +0.2900^ +0.288C 1 ? 3 +0.070 X 10 
I n t e r a c t i o n Number 7 
Q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), | j , = 0.432 X 1 0 1 2 
A O A O "I O 
Q = ( 1.000, 0.000, 0.000), P = ( 1.000, 0.000, O.OOO), p 2 = 0.487 X 10 
Q 3 = (-0.799, 0.601, 0.000), P 3 = ( 0.555, 0.832, 0.000), P 3 = 0.176 X 1 0 1 2 
U^/U^ = -0.248, U)3/(U1 = 0.752, G = -0 .2220^ +0.279C 1 1 2 +0.332C l 6 6 -O.I69 X 1 0 1 2 
I n t e r a c t i o n Number 8 
Q 1 = (-0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), P, = 0.432 X 1 0 1 2 
Q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 0.000, 1.000), P 2 = 0.126 X 1 0 1 2 
Q 3 = (-O.858, 0.514, 0.000), P 3 = ( 0.000, 0.000, 1„000), P 3 = 0.126 X 1 0 1 2 
OJG/^ = -0.256, m /Wl = 0.744, G = -O.429C l i+ i+ -O.429C l 6 6 -O .5i4c i + 5 6 -0.327 X 1 0 1 2 
I n t e r a c t i o n Number 9 
Q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), P. = 0.126 X 1 0 1 2 
A O A O "10 
Q = (-0.577,-0.577, 0.577), P - (-0.707, 0.707, 0.000), P, = O.I63 X 10 
A Q A Q "1 O Q J = ( 0.706, 0.706, 0.059), P = (-0.707, 0.707, 0.000), P 3 = 0.181 X 10 
u j p / u ^ = 0.108, uj = l.IOS, G = -O.264c i l+^ +O .264c i 6 6 +0.067 X I O 1 2 
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T a b l e 18. (Cont inued) 
I n t e r a c t i o n Number 10 
,12 
q 1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), = 0.413 x 10" 
A P A P "IP 
q = ( 1.000, 0.000, 0.000), P = ( 0.000, 1.000, 0.000), = 0.126 x 10 
q 3 = (-0.772,-0.449,-0.449), P 3 = ( 0,000,-0.707, 0.707), p, = 0.148 x 1 0 1 2 
u ^ / u ^ = -0.229, u ^ / u ^ - 0.770, G = + 0 . 0 3 0 0 ^ -0.576C L 6 6 +0.364C^ 6 -O.I87 x 10 
12 
I n t e r a c t i o n Number 11 
q 1 = ( 0.707, 0.707, 0.000), P 1 = (-0.707, 0.707, 0.000), p, = 0.182 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), ^ = O.163 x 1 0 1 2 
q 3 = ( 0.706, 0.706,-0.054), P 3 = ( 0.031, 0.031, 0.999), M-3 = 0.126 x 1 0 1 2 
c o g / u ^ = -O.096, u, = 0.905, G = - 0 . 0 0 9 0 ^ +0.031C 1 1 2 -0.287C L I + I + +0.287C L 6 6 
-0.022C 1 2 3 +0.062 x 1 0 1 2 
I n t e r a c t i o n Number 12 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p, = 0.126 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = ( 0.577, 0.577,-0.577), N 2 = 0.413 x 1 0 1 2 
q 3 = ( 0.694, 0.694, 0.189), P 3 = ( 0.693, O.698, 0.159), ^  = 0.428 x 1 0 1 2 
U) 2/(JJ 1 = 0.475, u ^ / u ^ = 1.475, G = +0.343C L L + 1 + +0.257C L 6 6 +0.686C 1 + 5 6 +0.174 x 10 
I n t e r a c t i o n Number 13 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 1.000, 0.000, 0.000), p, = 0.487 x 1 0 1 2 
q 2 = ( 0.577, 0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p, = O.163 x 1 0 1 2 
A Q A Q "IP 
q - 3 = ( 0.580,-0.576,-0.576), P- 3 = ( 0.000,-0.707, 0.707), p ^ = 0.163 x 10 " 
iDp/u^  = -0.499, UJ3/«"•,_ = 0.500, G = +O.I66C I L P -O.I67C L 6 6 -O.I66C I 2 3 -O.O4O x I O 1 2 
I n t e r a c t i o n Number L4 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.707, 0.707, 0.000), p, = 0.432 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, O . O O O ) , p , ? = O.163 x 1 0 1 2 
A Q A Q "IP 
q 3 = ( 0.700, 0.700,-0.139), P = (-0.707, 0.707, 0.000), p, = 0.180 x 10 
i D g / u ^ = -0.186, u ^ / u ^ = 0.814, G = -0.202C 1 1 ; L +0.202C 1 1 2 -0.040C L L + 1 + - 0 . 0 4 0 0 ^ 
+O.O8OC 1 + 5 6 -0.359 x 1 0 1 2 
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T a b l e 18. ( O o n t i n u e d ) 
I n t e r a c t i o n N u m b e r 15 
q 1 = (-0.577,-0.577,-0.577), P 1 = ( 0.577, 0.577, 0.577), ^ = 0.KL3 x 1 0 1 2 
q 2 = ( 1.000, 0.000, 0.000), P 2 = ( 0.000, 1.000, 0.000), ^ = 0.126 x 1 0 1 2 
q3 _ (_o.759,-0.46o,-0.46o), P 3 = (-0.591, 0.571, 0.571), ^ 3 = 0.165 x 1 0 1 2 
cop/^  = -0.207, u^ /a^  = 0.793, G = +0.2290^ -0.0l6c i 6 6 +0.4580^ 6 +0.l4l x 10 
I n t e r a c t i o n N u m b e r 16 
q 1 = ( 1.000, 0.000, 0.000), P 1 = ( 0.000, 1.000, 0.000), p = 0.126 x 1 0 1 2 
q 2 = (-0.229, 0.688, 0.688), P 2 = (-0.195, 0.694, 0.694), ^ = 0.426 x io 1 2 
q 3 = ( 0.881, 0.335, 0.335), P 3 = ( 0.925, 0.268, 0.268), p, = 0.44-9 x 1 0 1 2 
O ) 2 / O J 1 = 0.901, u^ /u^  = 1.902, G = +0.234Cll+1^ +0.020C l 6 6 +0.4690^ +0.038 x 1 0 1 2 
I n t e r a c t i o n N u m b e r 17 
q 1 = ( 0.707, 0.707, 0.000), P 1 = ( 0.000, 0.000, 1.000), p. = 0.126 x 1 0 1 2 
q 2 = ( 0.958,-0.287, 0.000), P 2 = ( 0.000, 0.000, 1.000), p 2 = 0.126 x 1 0 1 2 
q 3 = ( 0.885, 0.466, 0.000), P 3 = (-0.385, 0.923, 0.000), p. = 0.161 x 1 0 1 2 
uu/V. = 0.423, a^ /ax. = 1.423, G = +O.36OC... -0.318C... +0.302C,,. -0.072 x 1 0 1 2 
I n t e r a c t i o n N u m b e r 18 
q 1 = ( 0.707, 0.707, O . O O O ) , P 1 = ( 0.000, 0.000, 1.000), p. = 0.126 x 1 0 1 2 
q 2 = (-0.577,-0.577, 0.577), P 2 = (-0.707, 0.707, 0.000), p 2 = 0.163 x 1 0 1 2 
q 3 = ( 0.706, 0.706, 0.059), P 3 = (-0.707, 0.707, 0.000), p 3 = 0.181 x 1 0 1 2 
UJ 2/U) = 0.108, u^ /u^  = 1.108, G = -0.264Cli+1^ +0.264C l 6 6 +O.O67 x I O 1 2 
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Table 1 9 . Values of Third Order Elastic Constants for Copper 
/ 2 
Elastic Constant Value in dynes/cm 
c l l l - 1 2 - ? 1 x 1 q 1 2 
C 1 1 2 -8.14 x 1 0 1 2 
C 1 2 3 -0.50 x 1 0 1 2 
C ± K K -0.03 x 1 0 1 2 
C l 6 6 -7.80 x 1 0 1 2 






2 P . 
P = i 
j,aa . 2 9 
and 
da 
d 2 P . 
P = I 
J , t t
 a t 2 
To solve Equation (A-l), one notices that the terms on the right-
hand side, the nonlinear terms, represent only a small perturbation of 
the homogeneous, uncoupled equations 
P. - — P = 0 , (A -2 ) j,aa |j, j,tt 
J 
The purpose of this appendix is to show, by means of a perturba­
tion calculation, that the contribution of the non-resonant terms in 
Equation (2k) can usually be neglected. To this end, Equation (2k) is 
rewritten in the form 
3 
P - -2— P = - — ) v P P (A-l) j ,aa |j,. j,tt [i. L jim 4,a m,aa ' 
J J
 X.,m=l 
where j takes on the values 1, 2 , and 3 in this equation and in the next 
three equations. The symbols P. , P. , and P. , , are defined by the 
i,a' j,aa' j,tt 
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whose unperturbed solution is taken to be P°(a,t), a sinusoidal plane 
3 
wave. The trial solution 
P T = P° + P'.(a,t) (A-3) 
3 3 3 
is then substituted into Equation (A-l) and, by dropping second and 
higher order terms containing P'. or its derivatives, one obtains the 
3 
system of equations 
3 
p'. - — p ' . = - — y v.„ p° p° , (A-k) 
j,aa p,. j,tt p,. Z_i j4m A, a m,aa 
J J
 i,m=l 
whose solution is the first order perturbation correction to the equa­
tions of motion. The terms on the right-hand side of Equation {A-k) are 
driving terms which depend on the choice of the initial solution, P°.. 
3 
Since the partial differential equations represented by Equation 
(A-k) are linear and since they are not coupled in the dependent vari­
ables, one may concentrate his attention on the response of one of the 
components of p' to a single driving term. To do this, one now regards 
3 
j as fixed and ignores all but one of the terms in the sum on the right-
hand side of Equation (A-k). The new equation is 
p' - -2- P' = - — v P° P° (A-5) j,aa \j,. j,tt \j,. jjim 4,a m,aa 5 
3 3 
and its solution (32) is given by 
p;(*,t) = 
3
 t a+C (t-t') 
3




where the initial condition is P'(a,0) = 0 and the boundaries are taken 
at infinity. The quantity C. is defined by the equation C. = /^ p,./p . 
J J J 
One would now like to use the solution given by Equation (A-6) 
to show the difference between the resonant and non-resonant terms and 
to indicate that the effect of the non-resonant terms can be neglected. 
This is accomplished by substituting the expressions 
and 
P° = B sin (ou t + k a) , 
m m m m 
which represent solutions to the unperturbed equations, Equation (A - 2 ) , 
into the integral of Equation (A-6). When this has been done, Equation 
(A-6) can be written as 
C i 2 
P'.(a,t) = + ^ - v., B, B k. k I , (A -7) 
where the integral, I, can be written as the sum of two integrals, 
a+C .(t-t 7) 
I = I g + I D = \ \ \ sin (ujgt7 + kg ') da' dt 7 (A-8) 
o a-C.(t-t') 
J 
, a+C .(t-t 7) 
+ - | J* J* sin (cu^t7 + k^a 7) da 7 dt 7 , 
o a-C .(t-t 7) 
J 
and the symbols ujg, kg, & , and k^ are defined by the equations 
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S £ m 
and 
D M & 
The integrals I and I contain the key to distinguishing between the 
b JJ 
resonant and non-resonant terras. Consider the contribution of I and 
b 
assume for the moment that k Q ^ 0. If the resonance condition, 
b 
W ± k C. = 0 , is satisfied, then I will contribute a term of the 
b b J b 
form 
1 a 
TR = 2k~ t C O S + kSa) = 2lTC— C O S ^s*1 + kSa^ ^ A " 9 ^ S S j 
to the integral I. The other contributions of I Q will be of the non-
b 
resonant type, 
\ r n 
. (A-10) 
sin (u) t + k a) - sin (k a - C.k t) 
If no resonance condition is satisfied, then I will be composed entirely 
b 
of non-resonant terms. To see that these non-resonant terms can be 
neglected, one needs to compare the amplitudes of the resonant and non-
resonant terms given in Equations (A-9) and (A-10) for typical values of 
w ^  = i . r> ~v ii the parameters. If one takes u)c - C_,kc = 1.8 x^ 10 sec , which is 
about 10 per cent of a typical frequency used in the experiment, and if 
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one supposes that a = 3 cm and C. = 5 x 10 cm/sec, then the ratio of 
2 
the amplitudes will be 1 . 1 x 10 . Thus, the non-resonant terms can 
usually be neglected. Finally, one points out that if k = 0 then the 
contribution of I„ is even smaller than the non-resonant term given by 
Equation (A-10). This same discussion applies to the integral I , where 
the resonance condition would be C J L ± k^C . = 0. 
conditions found in the above paragraph are equivalent to the ones given 
in the text of the thesis. To this end, notice that when the experiment 
is performed the initial wave is polarized along one of the independent 
polarization directions. Consequently, the driving terms in Equation 
i = m, the resonance conditions found in the preceding paragraph become 
which is equivalent to requiring that C. = ± C and finally that . = 
This condition holds trivially if j = i. 
To conclude this appendix, one needs to show that the resonance 
(A-h) for which i^m will vanish and need not be considered. Using 
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